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I'raquenoy lnoadening generated by pleosecond laser pulses i»i fnvestigated 6xper[me;1tal!y
- and theovelioally noar the slectronie levols of a Pr Fy ovystal,

Tuformation fa obtainaed on the

vole played by the slectronie lovels on solf-phase-modulation and fouv-pheton pavametrlo
omfssion, aud on how the self-phase-modulation spootrum evolves thyough and beyoud the ,

electronic ab_sorptjm levels,

L INTRODUCTION

“When a sufficlently 1ntense Heht pulse promgatas
through a material, it distorts the atomie configu-
ration, which In turn causes the vefractive index
to acquira a time dependence. The mechanisms
which can contribute to-this refractive Index
change! for an ultrashort pulse arve direct distor-
tion of elgatronie clouds,? librational motion of
molecules or afomic clusters,® molecular orienta~
tion? or redistribution,® or a coupled mechanism,
The time-varying index alters the phase of the
optical wave as it propagated, leading In genaral
to 2 broadening of the pulse speefruny, The process
has been cailed self-phase-modulation {SPM) or
superbroadening.® ;Speatral broadening was first
observed in CS, by Brewor?-and interpreted in
torms of SPM by Shimlzu,® who attidbuted the
broadening to the molecular oriontational effect,
Libratton of the C8, moldcule has also been pro-
posed to explain these spactra,? Brewer and Lee!®
obsexved self-fogusing of ploosecond laser pulses
in €S, and viseous ilquids, and suggosted that the
ludex nontineavity'Is of eloctronie orlgin, Alfano
and Shapiro™ using picosecond pulges at 6300 A
ohsexved SPM and self-focusing In varlous crys-
tals, liquids, and glasses, fneluding Hquified and
solidifled rare gases, Thoy showed that the elec~
tronic mechanism for SPM ig important fn all
matorials and dominates alt other processes n
some materiais: e.g., liquld argon and krypton,
Most recently, Edoembargan12 proposed an index
of refraction charge vesulting from avalanche
plasma formation as the mechaniam for SPM,

Nonlinear effects may play an {mportant role as

+loss mechanisms In large laser gystems, SPM

is an examplo of such 4 process, Sinee the active
medium of n laser possesses well-defined elec-
fronic enexgy levels, knowladge of SPM noar elec-
tronie levels 1s of paramaint importance,

© Traditionally, SPM has baon cbserved in tians-

10

“excltatlon at the wavelength of 5300

parent materials''*? and theorstical ealculations™
have neglected both nearby electronic resonances

-fndd material dispersion. In thts paper SPM near

electronic levels of PrF, erystal is investigated

-experimentally and thoornticaliy to galn additional

information on the SPM pr ocess—in particular, on
the role played by the eloctronie lovels and on how

- the SPM spectrum evolves tlu-ough and beyond the

electronie absorption lovels.

1 BXPHRIMENT

Experimentally the Stekes and antl-Stokes spac-

*trum-and filament formation-from PrF, erystal

is investignted under intenge plcosecond pulse
K, ANd-
glass mode-locked Iasor'® generates pieosecond
light pulges which are convertad, In a polassium
dihydrofen phosphate (KDP) erystal, to the second
tarmonic af the wavelength of 5300 ﬁ The hav-
monle radiation conslsts of pulges of about 8% 108-
W power and 4-pgec duration. The average onergy
of a single pulse in a typleal train ts ~3.2 my, ag
measured with Hadron thermopile, The heam is
collimated by an Inverted telescope and enters g
ﬁ—cm-ioug Pr)y erystal with a beam dlameter of
about 2 mym, . The ¢ axls of the crystal is orlonted
along the. optical axlg, The intensity distribution
at the exit fage of the crystal s magnified by 10><

. and limaged on the 1-mn glit of-a Jarrel-Agh 3-m-
. grating spectrograph, go that the spectrum of each .

filament is dlsplayed: The spectra ave recorded on
Polarold type 67 film. The pulss trafns are moni-
tored with 1T bhotodlode and displayed on Tak~
tronix 619 oseilloscope, - The spectra ave created
by pulse traing whose peak heights vary by no more
than 50%, A combination of a 3-mm wire placed at
the foeal point of tho Imaging lens rmd/ox- Corning
filters (Stokes side 3-67, 3-68; antl-Stokes side
§-00, 5-61) ig uged to prevent any lager light that
has not formed fllaments from entering the spocto-
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o] on tho Stokes and antt-Stokes sides of the 5300-4
T - : } --gxeitatlon wavelength. The absorption spectra of
. Lomm-thick PrF, crystal and the energy-lavel

‘ - ot scheme of Pr®* fons'® are shown in ¥ig. I, The

' o * fluorideg of Pr have a structurs of the naturslly
7 oceurring mineral tysonite with a b, symmotry,’

¥ " - Typieal spectra showing frequency broadening

ab === 0 from PrF, about 5300 A ave shown in Fig, 2 for

' different laser shotg., Because of the absorption.
. : .- . aasociated with the electronic levels it Is necessary
. to digplay the spectium over different wavelength
I ypanges at difforent intensity levels, In this man-
ner, the development of the SPM spectrum through
the electronic absorptlon levels can be investigated.
03 Using appropriate filters different spectral reglons
are studied and displayed In the followig figures:
in Fig. 3(a) the Stokes side for frequency broaden-
g (V,)>100 em™ at lntensity lovel (Zgy) of
~102 of the laser Intensity (I L), in Flg, 3(b) the
‘Stokes side for ¥,> 1500 em”? at Ig~1074,; In
Fig. 3(c) the anti-Stokes slde for ¥p>100"cm™*
at Loy, ~10721,; and In I‘lg, 3(d) the anti-Stokes
side for V5> 1600 oni at [, ~1074 . Usuatly

k-3
-

-

Ewinar {1000 er™)

= .

[

OpricaL Denesiry

o.¥s Mr ONTIONE O m’: 01 0.1 AFF ot 0B

¥
AL qorem) 60~100 small- Begle Iilamenta 5450 jurh fn dam
FIG, 1, Absorption apectra of 0.5-mm-thick Prify ave observ‘ed. KT
orystal; jnsert ls the level schems (Refs, 14 and 165) of . .

prit lons.
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graph. A glass beam splltter defscts a portion of
the beam into a camera where the fllaments are
shinultaneously photographed, .No visible <lamage
occurred in Pr¥; crystal.
- Tho Pr¥, crystal {8 .chosen for the experiment
: because its olectronic levels ave sultably located

R (o) : i) -FIQ, 3, Frequency broudemng on tho Stokes and antl-
FIG, %, Froequency broadening from -PuFy about the Stokos alde of the 6300~ exoitation. () Stokes side,
6300-A psec laser exoftation; neutral density (ND} fil- Counlug 3-08 filter, wive Inserted, NIx=2.0; () Stokes
, tevs: (8) ND=1,6; () ND=1.5; (o) ND=2,0) (d) ND 8lde, Corning 3-00 filter, wire inserted; {o} ant{-Stokes
=2,0; {¢) ND=1,7, (f) ND=1.4. A wire Is posltioned side, wive inserted, ND=1.0; (d) anti-Stokes aido Coin~

aftor the collaction long at the focal longth. . Ing 6-61 filter, wire inserted.
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Several saltent features ave evident in the spec-
tra displayed in Figs, 2 and 3, In Fig, 2 the Stokes
and. anti-Stokes spactra are approximately equat .
In Intensity and frequency extent, The peak inten-
sity at the central frequency is ~10° the Intensity
of the SPM at a given frequency. The extent of the
frequeney broadening is ~1500 am™, ending ap-
proximately at the absorption lines. Ocecaslonally
-a poriodie struciure of minima and maximg is
observed which ranges from a few em™ to 100 |
em™!, and for some, observatlons no modulation
{s obsgerved, - Occaslonauy an absorption band.
appears on, the anti-Stokes eide of the §300- .
line whose ;flsplacement ts 430 em™! aud whose
wlclth ia, 400 o=l In Fig, § the main foature
is the pregence of  rwch ‘weakar super-broad-
band continuum! whose frequoncy extends twough
and past the well-defined absorption lines of the
Pr®* jon to-a maximum frequoncy of >3000 cm™
on the stokes side -(end of Hlm sensitlvity) and
>6000 em™ on the antl-8tokes side, The in-
tensity of the eontinuum at a given frequency out-
_side the absozptlon lines is- ~10“‘ the laser lnten-
slty, : N

The observed absorption lines on the anti-Stokes
gide of 6300.4 ave lopated at 4416, 4653, angd .
4846 A and on the Stokes side at 5930 and 6109 A,
These lines correspond within +7 A to the absorp-
tion lines measured with a Cary 14. "The absorp-
tion coefficlents measured from the Cary specira
.are ~3 em"Lat 6112 A, 62 em™! at 5038 A, 46 om™!
at.4862 A sand >100:cm™!-at 4412 and 4647 A .

{ (o)

{b}

FIG, 4, Compavlson of the Stokes absorption speotra of
PrF, photograph with different light sowcces: (a) light
omitted rromfz tungsten lamp is passed through 0.6-mm-
thick PaF; ovystaly ) SPM light emitted from BK-7 is
passed theough 0,6-mm-thiok oxystal; {o} SPM lght i3
" gonerated within the 5-ém Priy,

—_—

Figure 4 eompares the Stokes qbsorption spectra
of PrF, crystal photographed with 3-m Jarrel Ash
spectrograph with different broadband light

.gources, Figuro 4(a} Is obtained with llght emitted

from a tungsten lamy passing through 4-mm PrF,
erystal; Fig, 4() g obtalned with tho Stokes, slde
of the broadband picosecond conhlmum generated
i BK-’I glass pagsing through § g-m PrF,; and Fig, |
4} Is obtained with the broadband light generated
inH-ecm PrF crystal Notice that the absorption
lne at 6112 iis very prenounced in the spectra
obtained with the continumm generated tn PrT,,

fwhile with conventional absorption technlques it is

just bavely visible, The ant!-Stokes aspecirum ob-
tatned from Ught emlitted from a tingsten filament
lainp pagsing through $-mm PrF, erystal is given
in Fig, 6(a), This is to be compared with the spec-
lrum obtaiued with broagband light generated in a
G-ecm PrF, crystal glyen in Flg, 5{n),

,The angular variajlon of the anti-Stokes and
Stokes gpectial omission emlited from PrF, is..
displayed in Fig, 6. ‘The light emitted from the

sample Is focuged on the siit-of 4-m Javrrel Ash’
“gpectrograph-with §-cm foeal length lens with the
lasexr beam positioned ndar the bottom of the slit
8o that only the upper half of the angular gpeotrum
curve ig diaplayed. In this fashion n larger angular
variation of tlie spectrum s displayed. Emisgsion
angles >9%.¢0 off slit and are pot displayed, . This
spectrum is similar to four-photon omission pat-
terns observed from glass and liquids' under
picosecoud oxcitﬁtion. .

. O

lEI THEORY

A, Dasic cqllnl!ons of :.cil'-ph wse ~ modutadlon

The one—dimensionnl px d)pagation of linearly

. polarized light in an absorptive and nenlinear

medium will be studied in this paper. Letting £
deirote the electric flold strength, D the slectric

"FIG. 6. Compavlson-of the anti-Stokes absovption spee-
trum of PrF,y photograph with (a) Hght emitied frema
tungston lamp pagsing through 0.6-mm-thick orystaly
{b) SPM tight generated withiu the 5-om PuFy,
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digplagement,’ and z the px‘opqgation direetion,
the wave equation 15 wrilten ag "
8%E  9°D o
wmoEe T
It wilt b assumed that both 7 and D aré desoribn>
ble by & slowly varying amplitude and phase. Let
w denote the radian fraquency and k= w(eu) fe
denote the propagat[on constant, whete ¢ u c/(eo)
is the speed of light of & weak signal in the medl~
uint, 'I‘hen )

£= 6cos(kz-wt+:p), : oo (Za)
D=, cosllz’ nwiﬂo) Ve Coe
+ B, sin(kz ~wlee), (Zb)

where 8 ﬂ)l, &, and ¢ ave dependent on aud 1,
If one inserts Eqs. (2a) and (2b) into Eq. (1) and
neglects second-order derivatives and squares

of fivst-order derivatlves as being small one. ob-
tahis the set °

ket 35 zw% we:ouzw,%?, )
chﬂ._.’ﬂg k2 ‘38 w2$1+2w1')‘-5-?—-2w%_
R )

FRETN

“'Flie nonlinearity to be considered in t]ﬁs paper is
thie one genarated by the common dieleatric func-
tlon of tha form ¢,+€, £%, The absorption is due
to a resonant lng at frequency o, and is describad
as a responsg transform of the eloctric feld, Thus

the slectrio displacement is glven by

e . o 0 oty 7 .
Do, E4€, B =2f | dr E(t+1)e"stnw,7
A A AT A AL Sl 4
' ' : -(5)

where y {s the decay rate for the sxclted state of
the medium and f measures the strength of the
abgorption, Tn this section we restrict our atten-
tlon to the case of a single absorption ling, al-
though the extension to the mulliline casge s {rivial,
Cne notices that the golutlon of By, (1) is comptl-
cated by the fact that D 14 both a nonlinear and
nonlocal (In time) function of E,

A further complication ariges from the fact that
the term ¢, £? containg an admixtore of the thivd
harmonie of w, While thig term 18 of importance
in analyzing third-harmonic generation, since we
are concerned In this paper with the nelghborhood
of @ we ignore the 3w contribution, Thus we write

E®=18%(3 cos(kz ~ W+ ) +_-cos[3(kz ~wir @)},
' 8

and simply drop the éccond term,

The absorptive term of By, (5) may be simplifled
gomewhat by making soveral approximatlong, i
the expansion of the product E(f +7)slnw,7 thér '
appear resonant terms 1nvolving Wty and non~
resonant termg jnvolving w +w,, * The latter terms
will be highly oscillatory and hence not contribute
appreciably to the absorption, 80 only the résonant
terms will be kept,’ A second approximation 1s
based on the fact that ¥o'will be mainty congaried
with pulse propagation through ‘the medium, Thug
& will be fairly sharply peaked in'time and the
phase in the lmmedlate vlcinlty of the pulse 15 all
thiat, need entor the formaliam,” Thig'allows us to
raplace q)(l +7) by an appl‘opriateiy truncated power
geries; (t+'r)s=fgo( H+1(8). A fuller discudsion
g prasented n Appenﬁix A, Combining Egs, (2)
and (5} we then ﬂml o

fa[w _w+(a¢/a£)}
/27 g~ w0+ /o0l

- -(’?a)

SJLaeoé’ + 628 +

E S84v/2)
(/2 +lwg ~w+ (ﬁaa/at)Jz "

Ingertion of Zqs. ('i‘a) and (7b) into-Eqs. (3) and
(4} leads to rather complex equations, so further
approximations are warranted, " It will be assumed
that the nonlinearity is sufficlently weak that prod-
ucty of nonlineai terms with slowly varylng terms
may be dropped, Indeed the assumptlon of a small
€, term is consiatent with writing the dtelectric -
function in the form €,+€,6%++++, In addition It
will be agsumod that the absorption is mild enough
80 that products of absorptlve terms with slowly
varying terms may also ba neglected, Finally,
dispersive offects will be disregardad as they are
generally weak, Thus we find the following get of

(a) 11 - (b}

"FIG, 6. Angular vaviation of the (a) Stokos and (b)
antl-Stokes speotral patterns endtted from PaFy orystals
{a) Corning 4-(3~07} Hlters, ND=1.0; (o) Corning 2-{6-00)
fillors, '

(7b) '
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equations for the amplitude and phase;

86, o f Bg
at Y% T e, gﬁ(wﬂ ©F pt)' )
.__‘E 3 W& 4
R e & ©
where A s the Loroizian function
a(nyal 1L (16}

T G

As diseussad in Appendix A, Eq. (10) vefors [o the
caso wheve the radiative lifetime ts shorter than
the pulse duration, In the other extreme, whore it
is longer, we replace I“.!q. (10) by the Gaussian
rapresentatlon e -

TN e

where A=1/D? and D s thé ‘duration of the pulse,
Equations (8) and (9) form the basie equations..
govorning the self-phase~-modulation of light in & -
nonlinear absorptive medium, A solution to thess-
equations will-be sought in the subsequent sectlons.

B Solul[on to sc[t’ phnsc modu!nilou equations . .,

Before an axplielt solution can be found, the
boundary conditions must be specified. Tn typleal
experimental sifuntfons one hiag the pulse Injectad
into the medium at some boundavy, which will be-
taken as the point z =0, Thus we assume

8(0, £} =H{?)
and . .
¢ {0, 4)=0, T (12)

whore the funetion H(#) i usually sharply. peaked
avound ¢ =0,

It is profilable to rewrite the basic equaiions of
self-phage~modulation as a single second-order
nonlinear parabolic equation, Lét ug Introduce
two new Independent variables,

=t (z/0) i .
and -

=t (2/v), {13b)
Then Eqs, (8) and (9) may be combined io give

%ﬁﬂnua—%d(ﬂw—(g —-‘ﬁ)

where the following definitlons have heen nnde
for sconomy of notatlon: :

Qa0 -
and
a=ywf /e,

(1)

' (18a)

(14}

(18)

(10)
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Also, let o
Bfiwe /), A
and ’
) =EA), _ | (t8) |
s0 lhe boundary conditions may be written as
2| . =ere), (19)
and '
P - (20)

The fauge of intorest ig the domain 43 &,

" Before underlak!ug the general solution of Bq.
{14) let us fivat examine the nonabsorptive limit
(«=0) of the equation, The solution whiéh S'ltisfies
Egs. {19) and (20) 1s

&, M) =pH{E -2 . {2

From Eq. (2a) it is apparent that tlte mstautaneouq
frequency of the wave is

i

'(22)

_ 2de. ".SE

w(t)“‘“‘ 'B_Q LY I Y
Fron L‘q, (21) we the1efore find : "
() =w- (2&/:;)1'1; (z/v)} e (23)

This-gives rise to the customary sweep of fre
guancies observed In seif- phase-modulation experi«
ments,

Now we refurn ouy attention to the more general
oase Where absorptlon s pregent, "It will be ags
suitied that the spactral deéay vate ¥ g sufflelently
small that & may be consideved, for all intents’ '’
and purposes, a Dirac § function. In such a ease
it 1s clear that Eq. {21) repreasents a solution to
Ee, (14) In a fair portion of the & - =i plane. The .
regonance reglon, where ’

ﬂ+—(£ 2o

e an . ! 2(24)

obvlously vequires special attention, Physically
this condition glves the condition for regonance
between the jnstantaneous frequency w(#) and the
absorptlon line fraquency ®,. The argument of ‘
the § function pasises through zero at this polnt and
absorptive effects avewvery important, Ingertlon
‘of Eq. (21) into Eq. {24) resulis In an expiession
for the .rescnmnce frentler:

n=Bi§)=§~[9/p1'(E)]. - (25)

Ag an aid to visualizing the form of the above
resonance curve considey g particular form fox'
H{H. Let

- H()=8,sech{l/T), {28)
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where 8, is the peak electric flold of the input

pulse and 7 is a measurs of the pulse duration,

_ Expressed In the z - ¢ coordinate system the solu-
tlon to Bq. (25) 18

z__ coal{(1/n)l¢- (z/u)1} ' “om

z,  sih{{t/N[I- (=)} o
whers A

l 30=§"U-L . | (28)

4083’

For values of z less than Izui there is no real
sofution to Eq. (27} so absorptive effects are com-
pletely absent, In opder o understand the signift-
canee of this statement we return to Bq. (23), Itis
observed that the Erequency gsweep has a farm
proportional to 2. For small z the sweep fg amall
and it s possible that w(f) will ot be equal to w,
for any value of £, Thus absorption 1s not impor-
tant until the polnt z =z,, where thé resonance
oceurs, In Fig.-7 we present a schematle presen-
tation of the boundary curve for the two eases
t~w,>0 and w ~w,<0, Hers we assume that
€,>0, alfhough this restriction may be lifted with-
out mueh difficulty. In the remainder of this sec-
tlon we will return to the general expression for.
the boundary conditions involving H(#} or £{l},

Beyond the resonance curve the argurient of the
§ function again vanishes so. the general gelution -
to Eq, (14) may be written as :

fP(E, 1) =T (g)+nG{E), (20}

where I‘(&) and G(E) are so far arbitrary How-
ever, the definition of the resonance curve must
‘agree when approached from elther side, so com-
bining Bq. (20) with Bq, (24) ylelds

QAP BECE OB =0 T 6)

Lot us now express the mgumant of the 6 function
as

‘9+%‘-§- 39 a8 - BHIWBE )
el - B(E)]G(ﬂ-B(E)), (81)

where ©(x)=+1 for positlve x and zero o for nogative
%. The avgument of the ¢ function Is discontluuous
-but may be handled through the relaton. .

a(axe(x)+bxe(~x))u——(]—[ T—)o(x) © (32)

This relation is readily pmven by empioying A(x)
of Fig. (10) and taking the 1imit y- 0.
C?nsequently Eq. (14) roduces to

) g 5 (mJl) (W 1W)ﬁ(ﬂ B(EN.
- (33)

Integration across the resonance cupve resulis In

{58)8) ol-S e )} o

. where the minus sign denotes the preregonance

region and the plus sign denetes the postresonance
reglon, Combining Eq, (34) with Eqs, (21) and (20)
ylelds .

G(r,)=m(£)axn[-3.(ﬁ+%)], e

' Equatlons (30) and (35) ave differential equations

for the two unknown functions G(£) and I*(£).-

1t ig reassuring to observe that in the limit of
a0, whers the sirength of the abgorption may
be neglected, we have G(¥)=pI(E). Ingertlon of
this into Eq. {30) then gives, upon intogration,
I(EY=~pEI(E), go Bq. (29) reduces to Eq. (21).
Thus the resonance curve has Hitle influence when
the coupling to the system is small, as shouid bs
expectad i $

. The argument.of the exponant of Ed, (36) ig posi—
tlve, so for nonzerg values of «, G(£) 1s less than
BI(E). ‘This is mterpreted ag tha attanuatlon effect
of the absorption by the system,

Let ug first examine the solution to Eq. (35) n
the weak-coupling case (small o), We insout the
@=0 aolution foy G’(&) into the vight-hand slde to

|

TIG, 1, Rosonanca curve of Eq, (25) for two cages.
Cnge L is for w > w, while cass 2 (8 for W <w,,
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obtain a first approximation;

- N
G(E). ﬁ.ﬁI-(TE) GXP_(W) . ' {36)
One may obtain an oxact valldity criterlon for this
approximation by simply deinanding o< i (£)l
Thus the discontinuity is weak, '
In the strong-absorption lmit {arge o} the at-
tonuation g rather severs, .s0 G{£} will be small,
As a first approximation we can slinply take r.

c@so. . @

The efficacy of this approximation is shown by
noting that —a/]G'(£)] is then extremely large and .
negative, so the right-hand stde of Bq, (35} i3 ex~
tremely amall, Integratlon of Eq. {30) then glves

FE)m 0L o . (38)

1t dogs not appear possible to find an analytle
solution fo Bqs, (30) and (35) in the goneral case
{arbitrary I and arhitrary @), We do not-attempt
to Integrate these equations numerlcally in this
paper, .

. FOURIER ANALYSIS OF PULSE

le most maduy aecesslble experimental proba
of the pulse propagatiou is the Fourier spactrum of
the intensity as a function of Z, Let ¢ denote the
Iraquency of gbservation, Then we are Interested .
i finding the speetral function . S e

S(Z 0) lf dt e'°'3(a t)cos(kz-—wtup)

.+ (89)

© The Fourler !ntegrat is performed by agaln In-
voking the slowly varying envelops and phase as-
sumption, Casting asida the nonresonant term, :
wo have -

f”dee"v'—wws“. '-(lm)'

stz,0)}
The method of gtationary phase is employed in !
ovaluating the integral, Let ¢, be the tlme at which
resonance ogours:

- w+—a‘§ =o'_ . Y

One then ﬂmls

$(7,0 % “2)
the dots denoting time differentiation, Noto that .
¢, witl, in general, depend on both Z and ¢, JEqua-
tlon (42} is valld except in the vielnity of the in-
flection point defined by ¢{4,) =0, Then the method
of stationavy phase is inapplicablo, Approximate

—

expressions for the integral In Eq. (40) may then
be developed in terms of Alry functlons, but'we -
do not pursue them further-here, The spectrum
may be expressed in terms of dervivatives of the .
phage by using the relation -

3¢ _pae o .

o B6%, S S CE )
which is a restatement of Bg, {0), Then we find
b/ By

S —‘_ ) .
(#:0)= 35 s(aﬁga/aam(aw tan)+(84qv/ﬂn’)i
’ : : (44)
where ¢, is the root to the equation
o-wi 2Ly 2 0 . (6)

11

In the preresonanca domain {e.g., z <z, in the
special case considered earlier) Eqs, (46) and

(21} fmply that £; Is the root to the following equa~
tion: ’

- 2z r--z . . [ T
s B P e )

the prime denoting diffeventiation with vespect to
argument, The spectirum may then bhe expresssd as

PN A 4 R
’ S(J,U) 4pz W]’L“io-:/v' . 8

It shouid be noted that for o=w, Eqgs, (24) and (45) "
become identteal, "Thus the line /=1, and the redo-
nance ¢urve {such as ls tlustrated in Flg, 7) be-.
come one and the game, " For ¢ <w, the Une =4,
Hos in the preresonance domain (6., the domain
continguous with z =0) so obviously Bq, (47) iz
valid for ¢<o,, In-the case where ¢>w, the lino
resldes fn the postrescnance domain and a néw
expression for S(Z, o) must be gought.

Insertlon of Eg, (29) into Bq. {44) yleids o formal

expressiou foa* the speatrum- o s
G(2)
J o) 26 JF 46" ¥267 tehg ; (:18).
Now to is defined a8 the root of tha'egquation
0~ @1 P (E) 4G (E) 4 G(E] =0 (49)

Combining thuse expresslon wI.th Eq. (30) yleIds
the spoch‘um

o)

$(2,9)= 2p I -BNG + (- BY6" |y (60) -
where {, is the root of the equation ~ -
,,ﬂn»,—ﬂ“—" - ' S (51}

Gl
Let ug study the particular case of the strong~
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abgorption limit {—~), Equation (60} Is not of
particulayr use hero uniess we have an explicit
solution for (). However, it is possible to ob-
tain Information from Eq. (40} directly through
the use of the Sehwartz inequallty, We have

s [Laermnd f[ )

where :f, will be spacifisd shortly., Then

(o) fa] e

Use the fact that 8%=G/8 and note that Eq. {38)
fmplies an upper bound on G(&), .

Gy <pi(E) e salbrrint | )

to obtain g

${Z,0)s (I dtfo) (f dt—-g"ﬁ/?“j"!)

(55

First we note that for pulses the quantity £'(%)
will atiain a maximum, Secondly we choose f3
={7(£)}1/2 and note that this Is an {ntegrable quan-
tlty since I(t) describes a pulse. (1-emember by -
definition, I=0). Thus

. = P
1 8(z, e)s}n J' dt[!(i)l"’} g /8 lmax, (56)
The right-hand side vanlshes ag @, Thug we

arvive at-the Important result that the-spectrum is
highly suppressed for frequencies beyoud W, in

e’ stlong-absorption Hmitl - waota,

o V. DISCUSSION

In the exparimental vesulis it has been noticed
that a discontinulty fn intenslty occurs when the .

self-phase~tmodulation frequency extends beyond .-

the absorption-line frequency.  ‘Tis discontinuity
Is predictod by Eq, (56), which puts an upper limit
onit the magnitude of the step. In order fo obtain
an estimate for the theoretical magnitude of the
dlseontinuity one must assigh numerical values
to the various parameters that-have appeared In
the theory,

First one must have information concerning the
parameters f, v, and w, appearing in BEq, {8),

. Decay rates and resonant frequencies for sxcettad
states of Pr*’ have been reported in the litera-
ture, !t The "D,~,t07greuna-state fransition has a
froquonoy lying o the red mide of 5300 & and the
P, ,1,0-to~ground-state transitlons He on the blue
slde, Let us concentrate on the ', state for the
sake of definitensss, Then one has' y=1,1X10?
see™t for the radintlve lifetime, The quantity f
¢an be determined from a knowledge of the ab-

sorption coefficient, and this is discussed in Ap-
pendix B, We take @ =3.6X10'° rad/sec and re-
place'” €, by 1 to obtaln an approximate estimate,
A measurement was made and it was found that
for z =1 em 1,/f, 18 voughly 0,1, The lager fre-
quency spread was roughly 101 rad/soc.

Ingertion of thege parameters fnto Eq, (B4) ylekls
an estimate for f equal to 10 gec™*, Mnsertion of
thlg Into Bq, {16} glves us a value for the param-
oter « equal to TX10% goc™2, Unfortunafely, a
definite value for ¢, for thiis material ta not known

.to us but one might have, typleally, €,/e 10712

esu, This would deflne the pavameter B appearing
in Eq, (17} ag g=700," °

If the fnput Intensity is 8X10%'W, the pulge dura~
tlon fg 4X1071% gee, the number of self-focused
fitaments is 50, and the filament diameter is 30 u.
Then the average {{eld strength s § =1.4X10° aau,
One can thorefore estimate I%,,, appearing in Eq,
(68) ag [’ = 8%71 =6X10%, Then the ratlo appearlng '
in the exponent of Bq. (56) Lrecomes i

9 .
ﬂl’ -~ =10%, _(6'!)

This hinplies an almost total suppression of the
signal beyond the absorptlon resonance, A similar
argument and Gonolusion ocours for the blue side
of the laser line, The resldual weak futensity that
exists beyond the absorption 116 13 not due to geif-
phasge~ pmdulation. It ¢an arise, howevéy, from )
three-wave mixing {four~photon parametric prow
cesa), S8 The previgus theory has neglected the
study of thig phenomenon, but it is known to occur
in many systems,®™ Since we have a continuum
of fréquencies created by self-phase-medulation
it inight be posaible for three such frequaencies,
Wy, W, and w,, to mix to oveate a signal at fre-
queney. , +&, —~w, which liss beyond the absorption
line, Since the frequencies are chogen from a
continuum it 1s posalble for phago matching to be
achleved also. - W

Lot us now study the gpactrum {n the domain
lying betweon the laser frequency and the abgorp-
tioh line, It i3 convenient now to refer to a Gaus-
slian bulge, such ag

Iulgem /2, (58)
Insextion into By, (47} yields the result

3(7 0)= - T [ @A (4/7“)[%“(3/”)} |

(69)

where £, ~ (2/v} 1s given by Eq, (46); L.¢., one
must solve the following transcendental equation:

g w-—tl-gﬁ-lu(to"-v—)exp (t --Tz/u)?=0' (60)
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It is pavtlcularly Interesting to examine this In
the limit where ¢ is close to @, go0. - '

z  (g=wyr®
fo= ™ g,

KEil,ls suﬁiciently large thig will be small com:,
pared to.1 and Eq (59) will reduce to .

(‘31)‘

8z, 0= "”f S Y 1
a result independent of 15 Thus the low-f; equency»
shifted part of tha self-moduiated signil is Inde-
pendent of intensity,

To understand the meaning of this it is lmpm tant
to examing the fr aquancy extent of the self-phase-
modulnlion As olle incrensas the value of ¢.in By,
{60) one u!timately reaches a point where no solu-
tion to the equation exlsts any more. It occurs at

LETIE

e T

'I‘hus the extent of the self-broadening is propor
tional to the intensity. Since the energy In the
pulse is proportional to the product of the fre- -
quency extent and the intensity spectrumy one ean
now gee-why the intensity spectrum must remaiu
approximately constant, S :

It 1g not a'stmple mattsr to datect this constancy,
hecause -of the fact that the light tends to break-up
into self-focused fitaments, all of which have
roughly the ciitieal power In them. -Increasing the
incident intensity only creates additional filaments,
1t 1s interesting to note that the same parameters
determining self-foousing appear in the theory of
golf-phase~-modulation, poiniing to & unity in the
theory of nonlinear opties,

The observed absorption band in the continitam
on the anti-Stokes gide at about 400 em=! away
from the excitation frequency (see Fig, 2) is proba-
bly:due to the Inverse Raman offect.’® The ob- -~
served abgorption band is lecatad In the vieinlty
where strong Raman bands™ are found: 401, 3%0,
and 321 em™*, The Inverse Raman apactrum has
been observed before in the gelf-phage-modulated
conti;auum generated in benzens and carbon (!isul-
fide,* -

Finalty we point out that i one were actually to
compute the intensity of the' spechum glven by g,
(82) the right value of 7 should be uged. There is
.evidenea?! that the picosecond pulge actually con~
sists of an envelope of subpicosecond pulses lasting
on the order of 2X107'% gee, If this is the case
thon this value should be employed for 7, As we
mentloned earlter, thers ls evidence In this éxper-
fment for supsrbroadband four-phaton collinear
and angular parametric goneration,?? A curlous.
feature of the agsociated woeak -brondband spectrum

—_—

s the existence of a pronouncad abgorption Hie at’

.& position {6112 ﬁ) whers the linear absorption

would be expacted to be vather weak,

A possible explanation for this consistent with
the previous theory ig as follows: Imagine tracing
the apatial development of the phagseo-modulation
spacirum, At short distances, whers the hounds
of the spactrum have not yet Intersected a strong
abgorption line, the spectrum Is reasonably flat,
Upon intersectlon with the abgoxyption line we have
shown (see Fig, 7) that the spectrum abruptly
dropg. ‘The mechanism of foup-photon parametric
peneration is presumably responaible for the ap-
pearance of the signal beyond the absorption-line
Hmit, Also, this explanation is supported by the
appenrance of the angular emlssion patiern (sce
Fig, 6). As the spactrum continues to develop one
redches a point whers the limit of the regenerated
gpectrum ¢rosses a weak absorption line, The
problem ig ldentieal with the previously con-
sidered thaory. One can again expect a drastle
drop in the spectrim at the position of this Hue,
At still furthor distances ronewed four-photon
parametric regeneration accounts for the feeble
signal,, . _ .
: "APPENDIX A

In this appondix we work out in'some detail the
time Integration of Bq, (5)." The basic integral' we

are confronted with, after having discar(ied the
antivesonant term, 18 -

-I=f dr 6(t+'r)e7" stufkz —wt "

#H{wg = @) +oltar)],
(A1)

Two cages can be. discugsed, depending on the.
relative size of 1/¥ and the duration of the pulse,
Both [imits will be examined u this appendix.

I one gesumes that the duration of the pulse is, .
long compared with the radiative lifetlme, then
the fnctor e¢¥" acts to suppress large contributions
to the integral, s0 one has approximately

¢
Is f dr 8(fe!” sinlkz - wi+(w, - whr
A GRT-10 0 P (a2)
and the results of Eqs. (7a) and (Th) follow dirvectly,
Then & Loventzian funetion (see Eg, (10)] appears
in the theory.
On the other hand, if the duratlon of the pulge is

short compared with the radlative lfetime, ono
may neglect y altogather and obtain .

I“Imf d'f‘s f+7)0xfl{i[kz wt+(w -w)r
ro(tan)}. (A3)
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It 1s himportant t¢ recall that the elecirie field

pulse depends on space also, i.e,, 8(&=F- @i,
where F is a function peaked at the potnt £=z/v,
Our main region of Interest lles in the nalghborhood
of tuz/u, 80 We can write, approxlmately,

6'(!+‘r} F(!-— -—-+'r) .

: xI‘(f.— —;)8'“3. - - {Ad)
Here A-desoribes the curvature of the pulse and is
given approximately by A=(1/D), D belng the pulse
duration, Thus Eq..{A3) becomes

I 'N_Im';&(t_)'éxpfi({éz - _qu)] j i ..
P . M Y P

C Kexp{Ar4illw, -0l vp(4h.(AB)
Upon linearizing the phase L7 (aasuming again cp
is small) ono obtains. - - 1

tarms(t}exp{i[kz wt+¢,o(t)]j dr -

Xexp{_ .,=+;[w -wa( i)]'f’} . {AG)

A convenient expression is obtained by employing
the methed of stationary phase to evaluate this
integral rather than expressing it exactly in tex‘ms
of compiex oryor, functlons. Thus

/z.,'. A

1 = 8(8)stnlkz - wt +o(0)) (—)l .
xexp(ﬂ%:—(e.'w'}") o @n

' The Important thing to note Is that for small A this
reduces to

RE é’(t)slu{kz-wl»rgo(t)IZné{w .-wu,a(t)l
o (AB)
Thus comparing Eq. (A'I) with (’fa) and (Tb) we

R

see that the only difference !s the roplacement of
a Lorentzian representation of the Dirac 6 function
by a Gaugsian representation,

APPENDIX B

In this appendix we relate the strength o the
absorption f to the neasured absorptlon payame-
eters, Let ug Fourier transform Eq. {6) and ag-
suma that the intensity 1s now weak enough go that
the nonilnear term may be discarded. Then we

find D(w} e(w)E(w), where = ' \
e(w) ""-Eo —-'w——é{:ﬁ,ﬁ' . (Bi)

and we have dropped the anth esonant texm, Using
the relatlon k= (w/c)[e(@)]t/e and defining the
attenuatiou constant as a,u=21mk one, has

(e} yf 1
Gau = ¢ He, (W, - W37
~ =a,"(w -w), _ ) (Bz)

The frequency spread of tho laser g, 18 here much
Iavger than the decay rate v, Congoquently, ag -
the-lght propagates through the medium, a hole -
will-he burnt fn the frequency profile of the laser,
Let Aw ba the extent of this hole and let.z be the .-
propagation distance -thvough the erystal, ‘Then the
glze of the hole will be determined, in terms of -
order of magaltude, by the condition a,,(Aw)z~1,
The yatlo Aw/o, determines the Iraction of power
absorbed by the medhum and ia thug related to the
incident-and outgolng intenaitles I, am! 1, by

Aw A=
o =TT ) - (89)
Combining Eqs. (B2) and (BS) we iinaily obtain the
desired approximate expreasion for fi .
/2 o N
f M( I, ) R Y ....(134)
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