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The propagation of an ultrafast laser pulse in a thin nonlinear medium leads to a supercontinuum generation. Using the
method of multiple scales we derive self~consistent equations for this supercontinuum to any order of perturbation theory.
The expression obtained for the spectral distribution exhibits the observed asymmetry in the Stokes and anti-Stokes region
and predicts spectral extent larger than that associated with the traditional self phase modulation results, without the need
for introducing contributions from plasmas and the time response of the nonlinearity.

Supercontinuum generation, the production of in-
tense fast broadband pulses by passing picosecond
and subpicosecond laser pulses through nonlinear me-
dia was first observed in 1970 by Alfano and Shapiro
[1]. The shape, fine structure and extent of the
spectrum produced are functions of the nonlinear in-
dex of refraction ofthe medium, the shape, wavelength,
duration, intensity and phase modulation of the pump
faser pulse, and the interaction length of the pulse in
the medium. Typically, the broadened spectrum con-
sists of larger frequency extent towards the blue than
the red by factors of approximately 1.6—2. The co-
herent and ultrafast wide frequency band of this super-
continuum has been mainly used as a spectral tool for
time-resolved absorption spectroscopy [2,3] and non-
linear opticaleffects [2,4]. Recently, new usesin en-
gineering applications [5], such as ranging, imaging, at-
mospheric remote sensing and optical fiber characteriza-
tion, have been proposcd. In this letter we investigate in
a consistent manner the spectral distribution of this
supercontinuum, in particular, the intensity distribu-
tion, the asymmetry in the Stokes and anti-Stokes
region and the extent of the spectrum,

Maxwell's equation in a nonlinear medium is given
by

2
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where n is the linear index of refraction and n, is the
nonlinear index of refraction. In this equation we have
neglected the dispersion and the imaginary part of n
and 7.

Assuming the experimental regime whereby one
component of F is present and its transverse variation
is neglected, Maxwell’s equation reduces to

2
026022 — (1/u2) 02312 = (uny/e?) % \EPE. (2)
t

Writing the electric field E(z, 1) = £, ®(z, {), and defin-
ing the new varables Z, T: T=¢/r and Z = z/vg'r, eq.
(2) reduces to

J2 .
(02022~ 22/oTYb=¢-—— | 9|20, (3)

aT?
where 7is the characteristic time associated with the
pulse and ¢ = ny | By Iz/n. Typical values for e in the
region of interest are in the range 10~4—102. In the
following, eq. (3) is solved by the perturbation tech.
nique referred to as the method of multiple scales [6].

The functional dependence of ¢ on Z, Tand eis

not disjoint. To first order in €, & depends on the com-
binations €T and €7 as well as on the individual 7, £
and e. Carrying the perturbation to higher orders, ®
depends additionally on €27, €22, 3T, €32 ... .
Hence, it is convenient to write (2, T €) as
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O(Z, 15€)= 2y, T, 21, T 23, Tys o 56) 5 (D)

where

Ty=T, T =€T, Ty=€T,..,
Zy=Z, Z =€, Z,=€Z,..,

and where the number of independent variables has
been increased. The T, and Z,) represent different
time and distance scales. Thus, instead of determining
& as a function of T and Z, we determine @ as a fune-
tionof 7y, Ty, Ty...and Z,, Z;, Z,... and seek a
uniform expansion solution to & in the form:

D =dy(Ty, Zg T1s Z1, Ty Z9,.20)
+e0(Ty, Zgs Ty Z1y Tar 2, -02)
+e2dy(Ty, Zo, Ty, Zp T Zgy o) e (5
Using the chain rule for derivatives:
DfoT =9[0Ty + €dfoT; +€23/aTy +...,
32272 = 32/aT} + 2e92/8T,dT,
+eX(202/0Ty 8T, + 92/0TH + ..., (6)

with similar expressions for 8/0Z and 92/3Z2.

Using expressions {5) and (6) in the differential
cquation (3), and equating the respective coefficients
of €”, we have for the €U, ¢, €2 terms

2 2
(2 2 )aq =0,
9Z¢ aT}

([ P SR P
3z} T} P\ azpz, T oTyaTy) 0
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= ﬁlq)()] @0, (7b)
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0
If the incoming pulse is described by:
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b :f(ZO - TO) exp(iKZO — iWTO) , (8)

where W = (cwr), 7 Is the pulse width, and f(Zy — T)
isthe pulse form function {gaussian, hyperbolic
secant, etc.), we take ®y in the form:

(I’O =A(Zo, TD’ZI’ T]."")f(ZU—TO) CXP(iKZO—IIVTo).
&)
In the following, the specific form of A is computed
to first order in e which means to values of eZ ~ O(1),
the solution is valid. {In the original variables eZ is
?12|E0I2z/c7'.) Introducing the new variables:

UI=ZI_T1’ UI:eU’ I/I:ZI’ I/lzel,’:ez’

10
and writing A(Z, T') in polar coordinates, (10)
A=aelf, (1)

the equations determining 4 can be deduced directly
from [7b]. The equations for @ and § are given by:

B8a/dV| =343 Re G(Uy),

9B/0V, = 3a* Im G(Uy), (12)

where the function G(Uy) is given by:

W23+ i+ 6f (12 + 372
s

and where the derivatives are with respect to the

variable {Jy. For the gaussian form function f(Uy)

=e” U%, the real and imaginary parts of G(Uy) are
respectively:

R(Uy) = Re G(Up) = [exp(—2U)/(4UZ + W2)]
X (12U ~ 10Uy W2 - T2U3),
HUq) = Im G(Uy) = [exp(—-2Ud)(4UE + W]
X (W3 — 12U W + 6W). (14)

G(U) = . (13

The solutions of eq. (12) are:
a=1/[1L=RW)V, V2,
B=—[I(U)2R(Up)] In[1 —R(UyV,]. (15)

These solutions differ from those in the SPM litera-
ture in that ¢ is not a constant and § is not symmetric
in Uy They reduce to those for ¥ < 1, and wr > 1,
in that case:
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Fig. 1. The magnitude of the electric field as function of U/ for different ¥¢’s.

0.500
0458+
0416
03754
0.333+
0291
0.260
0,208 1
0186 —
0,125
0.083

0.041 4

Fig. 2. The phase Function g as function of  for different Vs,
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Fig. 3. The derivative of the phase function as function of U for different 17 ’s.

a~1
B~5I(Ug) Vy (16)

In figs. 1,2 and 3; fa, f and 88/ are respectively
plotted as functions of U for different values of I,
and W3 1. fgis the magnitude of the electric field,
and f is the phase mod(WU). The salient features of
figs. 1 and 2 are that, at high ¥, the curves become
skewed and distorted from the form function, in
particular at later times (I < Q).

The spectral distribution for the outgoing signal
is given by:

~Liw exp(—2U§) ¥y .

S(w', 2y« |8 (o, 2) (17)

where

(', 2) = (1/27) Re f clw'LE (s, 2) dt . (18)

In the U— ¥ cocrdinates, W = wr and W' = w'r,

B(W, V)= (7/2m) Re f dU exp[i(W — WU
Xf(U)a(U, V) explip(y, V)] . (19)
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The extent of the spectral distribution can be
estimated through:

W - Wl anti-Stokes max(aﬁlaU) s (203)

W' — W] gtakes = min(dp/al). (20b)

The asymmetry between the Stokes and anti-Stokes
frequency extent increases as the value of V; increases,
(see fig. 3.) Table 1 summarizes the approximate
frequency extents for some values of V;, and com-
pares them with the traditional SPM results. It is worth
noting that this asymmetry 1esults without recourse to

Table 1 :

The approximate frequency extents on the Stokes and anti-
Stokes sides for selected Vy in the present theory and as com-
pared with the traditional SPM resuli.

vy | Acfw |t Awhale AWl
0.1 0.060 0.054 0.074
0.18 0.109 0.097 011
0.25 0.151 0.156 0.347
0.31 0.188 0.404 (.95}
0.325 0.197 0.995 2.03
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contributions from plasmas, response time of the
nonlinearity, etc. The values calculated at V=018
are in excellent agreement with the frequency extent
observed in solids and liquids in ref, [1].

In comparing the spectral distribution deduced
from the above with experimental results, the sample
thickness should be chosen such that it is much smal-
ler than the self-focusing length [7]. Filaments will
introduce an uncertainty in the value of £ and con-
sequently ¥y,
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