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Abstract

We consider a model of long-range first-passage percolation on the d-
dimensional square lattice 74 in which any two distinct vertices X,y € 74

are connected by an edge having exponentially distributed passage time with

mean |x — y||°‘+0(1), where o > 0 is a fixed parameter and ||-|| is the £;—norm

on Z“. We analyze the asymptotic growth rate of the set 3y, which consists of
all x € Z4 such that the first-passage time between the origin 0 and x is at most
t ast — oo. We show that depending on the values of « there are four growth
regimes: (i) instantaneous growth for @ < d, (ii) stretched exponential growth
for o € (d,2d), (iii) superlinear growth for « € (2d,2d + 1), and finally (iv)
linear growth for & > 2d + 1 like the nearest-neighbor first-passage percolation
model corresponding to @ = co. © 2015 Wiley Periodicals, Inc.

1 Introduction

We consider the infinite complete graph on the vertex set 74, say G4, and a
nonincreasing positive function r : (0, 00) — (0, 00]. To each edge e of G¢ we
assign an independent random weight of the form w,/r., where r, is given by the
value of the function r evaluated at the euclidean distance between the endpoints
of the edge e and {w,}’s are i.i.d. nonnegative random variables with common
distribution F'. The weight of an edge is interpreted as its passage time. Based
on these passage times, one can define a first-passage metric on Z%, in which
the distance between two vertices is the minimum time required to reach one of
them from the other using any of the paths in G4 joining the two, and study the
asymptotic growth of the associated 7-ball (the set of vertices that can be reached
within time ¢ from the origin) as ¢ tends to infinity.

In this paper, we focus on the case in which F is the exponential distribution and
show that the family of stochastic growth models (indexed by the set of nonnega-
tive nonincreasing functions) exhibits a wide variety of growth behavior including
instantaneous growth, exponential growth, any stretched exponential growth (the
t-ball can have diameter and volume of order exp(t9+0(1)) for any 6 € (0, 1)),
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any superlinear growth (the 7-ball can have diameter of order 1940 for any
1 < 8 < o0), and linear growth for different choices of the function r. This phe-
nomenon occurs in a much more general setup when F satisfies a certain moment
condition. In particular, the phase transition between different growth behaviors
depends on the behavior of F near 0 and near infinity; here we will depict this for
the case when F is a positive power of exponential distribution.

This problem bridges two vast areas of study: long-range percolation and
nearest-neighbor first-passage percolation. We briefly discuss both of these areas
in the following two Sections[I.T]and [I.2]

1.1 Long-Range Percolation

During the last few decades there have been numerous research contributions
that have led to a thorough understanding about the existence and type of phase
transitions in different models of statistical mechanics. The simplest among such
models is perhaps the Bernoulli bond percolation model, where one obtains a ran-
dom graph by retaining each of the edges of a ground graph independently with
probability p € (0, 1). The literature on percolation theory is vast, so we men-
tion only a few relevant references here and ask the interested readers to look into
them for further ones. For an introduction and motivation to the subject and for
earlier works, when the ground graph is 74 with nearest-neighbor edges, we rec-
ommend [28]]. See also [41, chap. 7] for the treatment of percolation on general
transitive graphs including homogeneous trees. Most of the focus in research re-
lated to percolation on the transitive infinite graphs has been on proving the exis-
tence of phase transition (depending on the appearance of infinite cluster(s)), ana-
Iytic and geometric properties of the connected components (see, e.g., [[16] for the
properties of connectivity functions), and scaling limits for critical percolation on
74 (see, e.g., [31,132,/48,,49]). Percolation has also been considered on large finite
ground graphs such as the complete graph on n vertices (which gives rise to the
famous Erdos-Rényi random graph model), small-world and scale-free networks
(in the context of epidemiology [44,147]]), sparse random graphs (in the context of
robustness of networks [15]]), and n-dimensional hypercubes [[14]].

An extension of the Bernoulli bond percolation model is the long-range perco-
lation (LRP) model, in which each pair of distinct vertices X,y € Z4 is connected
by an edge with probability pyy ~ B||x — y||_°‘+0(1) (as ||x — y|| goes to infinity)
for some parameters o, 8 > 0. We denote the associated random subgraph of G¢
by G4, where p = (pxy | X,y € Z4). This model was originally introduced in the
mathematical-physics literature as an example of a model that exhibits phase transi-
tion even in one dimension; it also displays discontinuous transition of percolation
density for @ = 2 in one dimension as f varies. We refer the reader to [[1.35,45,46]
for more details about these works. Later, Benjamini and Berger [4]] proposed LRP
on finite cubic lattices to be models for social networks in connection with the
study of “‘small world” phenomena [55]]; in general, LRP on 74 has gained interest
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as models of graphs with nontrivial volume growth. Most of the research focus in
LRP has been on the following:

(a) scaling properties of the random metric 7P(-, -) on Z< induced by the
LRP random graph Gl‘f (see [11]),

(b) the volume growth of the associated balls BY := {x € Z42 : TP(0,x) <1}
(see [[12,/52]), and

(c) the growth behavior of the diameter Dz of the largest connected compo-
nent in Gg N[—L, L]? (the restriction of Gg to [-L, L]%).

Combining contributions of numerous authors, it is known (sometimes conjec-
tured but unproved) that for pyy = B|x —y]|| ~o+0() there are five distinct regimes
depending on the relative positions of & and d. The diameter Dz

(1) — Ja/(d —a)] for a < d due to [6, exam. 6.1],
(2) < logL/loglog L for @ = d due to [19],
(3) = (log L)A@+e() for ¢ < o < 2d due to [[111/12],

4) = LB o) for DPxy = Bllx— y||_2d (conjectured in [4]] for any d = 1;
see [19] for a general upper bound for 8(f) and [22] for existence of 6(B)
ind = 1), and

(5) < L for o > 2d (expected [4]] for any d = 1,8 > 0; see [8] for a lower
bound for all 8; the upper bound holds for § large).

Here a;, < by, means ay /by, stays away from O and infinity with probability
tending to 1 as L — oo. Other related areas of research involving LRP models in-
clude study of the simple random walk on (Gg (e.g., conditions for transience and
recurrence [7], bounds for spectral gap and heat kernel [21]], scaling limits to Brow-
nian motion or stable processes) and on its restrictions to the d-dimensional box
[—L, L]? (e.g., mixing time [5]). However, understanding these aspects requires
knowledge about much finer structure of the random graph Gl‘f.

1.2 First-Passage Percolation

Parallel to the development of the percolation theory, there has always been in-
terest in studying different aspects of shortest paths between two vertices of deter-
ministically or randomly weighted graphs. In this regard, another classical model,
the standard first-passage percolation (FPP) model, has gained a lot of interest in
the mathematical physics literature since its introduction in 1965 [30] and has de-
veloped into an independent field by now. FPP was originally introduced for the
graph Z4 with nearest-neighbor edges in the context of flow of fluids through a
random porous medium. We refer to [38}50]] for an account of earlier works and
to [[29] for recent results.

In the last two decades, FPP on Z¢ was used extensively as the basic model in
a variety of fields including competing infections in epidemiology [|13}[25}|34]] and
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growing interfaces in statistical physics [39]. Also, FPP on other large finite graphs
(e.g., the complete graph [36] and sparse locally treelike random graphs [9,/10,53])
have been used for modeling information spreading and flows through networks.

In this model, each edge e of a ground graph is associated with its passage time
(or weight), and the passage times are independent and have common distribu-
tion F supported on [0, co]. The passage time of a finite path in the ground graph
is the sum of passage times of the edges present in the path, and the first-passage
time TF (x,y) between two vertices x and y of the ground graph is the minimum
passage time of a finite path joining them. Note that 7F (-, -) is always a (random)
pseudometric, and it is a random metric (that is called the first-passage metric on
Z4 associated with F) if F has no atom at 0. Moreover, T'F (-, -) can also be
interpreted as the time required to communicate between its two arguments. While
percolation theory deals with issues like connectivity of distant points of some
context-dependent space and properties of connected clusters, the main focus of
research in FPP is to analyze

o the first-passage metric: (a) scaling properties, (b) fluctuations, and (c)
scaling limits, and

e the associated first-passage balls BtF = {x: TF(0,x) < t}: (a) the time
evolution, (b) existence of asymptotic shape, and (c) analytic and geomet-
ric properties of the limiting shape.

It is well known that in any direction x € 74 the first-passage metric 7 on 74
grows linearly with the euclidean metric, i.e., 7T (0, nx) /n has a positive and finite
limit as n — 0o, and T'F (0, nx) has sublinear fluctuation provided F(0) < p.(d)
(the critical bond percolation probability for 74 with nearest-neighbor edges). In
addition, under a suitable moment condition on F (see [20]), B f grows linearly in ¢
and has a deterministic limiting shape, i.e., Bf ~ (tB) N Z% as t — oo for some
nonrandom compact set B C R4, Although many estimates and techniques are
available to analyze the distribution of T (0, nx), its distributional convergence as
n — oo is almost completely open.

The behavior of FPP on general ground graphs is not universal. There are large
finite ground graphs such that, even with mean 1, exponentially distributed edge-
weights, the ratio of the first-passage metric and the graph metric evaluated at a
typical pair of vertices of the graph decays to O rapidly (in the case of a com-
plete graph [36]) or slowly (in the case of a family of sparse locally treelike ran-
dom graphs [10]) as the size of the graph grows to infinity. Here we consider a
long-range version of the FPP model on the d-dimensional lattice and analyze the
scaling properties of the associated first-passage metric.

1.3 Appearance of Long-Range First-Passage Percolation

Although FPP was originally introduced and extensively studied in the nearest-
neighbor settings, the long-range version of it (which we denote by LRFPP) nat-
urally appears in many applications. For instance, theoretical biologists have
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used certain versions of LRFPP for modeling biological invasion of species
[17.24.,142/|51]]. Along with many other factors they use dispersal kernels r(-) with
heavy tails as part of their models for dispersal mechanisms of biological objects
(such as seeds, pollen, fungi, etc.). However, most of their conclusions are based on
simulations in two-dimensional grid and nonrigorous heuristics. In [17]], followed
by [42], the authors recognized two phases of spatiotemporal behavior, which they
call long-distance dispersal and short-distance dispersal, based on whether the sec-
ond moment of the dispersal kernel is infinite or finite. They argue that under finite
second-moment conditions (short-distance dispersal regime) the growth behavior
of the region reachable within time ¢ is same as that in nearest-neighbor (or finite-
range) FPP. On the other hand, the authors in [[24] recognized one additional phase,
which they call medium-distance dispersal, but they didn’t specify where the tran-
sitions between different phases occur. As we will prove here, the situation is much
more delicate, and there are at least four distinct phases (with three critical points
in between) depending on the heavy tail index of the dispersal kernel.

Aldous [2] considered communication of continuously arriving information
through a finite agent network in a certain game-theoretic setup. In one of the
cases, where the network topology is a two-dimensional discrete torus and the
communication cost between any two agents is a nondecreasing function of the
euclidean distance between them, the main technical tool to understand the time
evolution of the fraction of informed agents is the analysis of the LRFPP model,
which we propose here, on a large two-dimensional discrete torus. Aldous pro-
posed a simplified version of this LRFPP model, which he named short-long FPP,
in which agent network topology is a discrete torus, each pair of nearest-neighbor
agents communicate at rate 1, and all other pairs of agents communicate at a rate
that depends only on the size of the torus regardless of the distance between the
agents. The continuous analogue of the short-long FPP model has been analyzed
rigorously on a (two-dimensional) real torus [[18]] and on finite Riemannian man-
ifolds [3]]. Our model is, in a sense, a generalization of the nearest-neighbor FPP
and LRP.

In some sense, ours is not the first attempt to analyze LRFPP rigorously. Molli-
son [43] considered similar models in the context of spatial propagation of simple
epidemics in one dimension. He proved linear growth in one dimension when the
dispersal kernel has a heavy tail index higher than 3 (=2-1 + 1).

In the physics literature, long-range interactions for epidemic models have been
proposed as more realistic descriptions in different nonequilibrium phenomena
compared with their short-range counterparts. Grassberger [27] introduced a vari-
ation of the epidemic processes with infection probability distributions decaying
with the distance as a power law. The model was analyzed nonrigorously in [37]]
using field-theoretic calculations and in [33] using numerical simulations. Both
the articles predict « = d + 2 as the phase transition point to get short-range be-
havior with linear growth, which is false in dimension 2 and above by our result.
The main issue is with large but finite cutoff, where one really gets « = d + 2 as
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the phase transition point, with the diffusion coefficient of the infection probability
distributions changing from infinite to finite.
Here we will address the general case in all dimensions.

1.4 Our Model

In this paper, we consider a long-range first-passage percolation (LRFPP) model
on Z% for d = 1. We will use ||-|| to denote the £;-norm on Z%. Let & := {(xy) :
x,y € 24 x = y} be the edge set for the infinite complete graph on Z2. The
length of an edge e = (Xy) € & is taken to be ||e|| := ||x — y||. Since all £,-norms,
p € [1, 00], are equivalent, one can use any one of them; however, we will stick to
the £1-norm for convenience.

For a given nonnegative communication rate function r(-) on Ry, r(|le||) will
be the rate of communication through the edge e. To each e € & we also assign
an independent random weight w,, where {we }ecs are i.i.d. with common distri-
bution F supported on [0, oo]. The random variable

We

r(llel)

represents the amount of time needed (i.e., passage time) to pass through the
edge e, and for a finite &-path 7 (consisting of edges from &) we define the corre-
sponding passage time for 7 to be

We
(1.1) We=Y We=)_ el

eem eem

Based on these Wy, the first-passage time 7 (X, y) to reach x € 74 fromy € Z4
associated with the communication rate function r is defined to be the minimum
passage time over all finite & -paths from x to y. More precisely,

(1.2) T(x,y) :=inf{Wy | m € Pyxy} forx,ye ze,

where Py y is the set of all finite &-paths from x to y.

Clearly, this LRFPP model is a stochastic growth model and T'( -, -) is arandom
metric (assuming F has no atom at 0) on Z42, which we will refer to as the LRFPP
metric. The first natural question related to this metric is how does the associated
LRFPP ball of radius ¢,

B: :={xeZ%|T(0,x) <t}
and its diameter (viewing B; as a subset of Zd)
D; :=sup{||x—y| | x,y € B}, t = 0.

grow as ¢ tends to infinity. We will address these questions for certain cases of r(-)
and F.

We will primarily be concerned with the case when r(k) = k~*L (k) for some
a > 0 and for some slowly varying function L, and F is an exponential distri-
bution with mean 1 or its positive power. Note that when “o = 00” we get back
the standard (nearest-neighbor) FPP model with i.i.d. edge weights, which is also
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known as Richardson’s model when the edge weights have mean 1 exponential
distribution.

Remark 1.1. Our approach of constructing the LRFPP model naturally incorporates
the monotonicity property in r(-) in the sense that if 7(-) and r’(-) are two communi-
cation rate functions such that r(k) = r’(k) for all k > 1, then T (x,y) < T'(x,y)
for all x and y, and B; 2 B} and D; = D}, where T'(-, -), B}, D} correspond to
the rate function r’.

1.5 LRFPP as a Long-Distance Dispersal Model

When A := )" .7a r(||X]) < oo, the above LRFPP model can also be viewed
as a long-distance dispersal model in the context of information propagation, infec-
tion spreading (susceptible-infected/SI epidemic model), and biological invasion of
species. Note that for (k) = k™%, we have A < oo if and only if @ > d. To fix the
idea, suppose there is an agent at every vertex of Z% and the agents are either oc-
cupied (informed/infected) or vacant (uninformed/healthy). Occupied sites never
become vacant. Initially the agent at the origin is occupied at time 0. Whenever
an agent becomes occupied, it starts communicating at rate A. When the agent at
X communicates, it chooses a site y independently with probability r(||x — y||)/A
and makes it occupied. All agents act independently of each other.

Let B; denote the set of occupied vertices at time ¢. Clearly By = {0} and it is
easy to see that if F' is exponential with mean 1, then

Be:t=0)= (B, :1>0).

Thus, our results can also be interpreted as growth results for the associated long-
range dispersal models.

1.6 Main Results

Recall that T'(-, -) and B; denote the (random) LRFPP metric on Z<¢ and the
corresponding ¢-ball associated with communication rate function r(-) and expo-
nentially distributed edge weights (passage times) for the complete graph on 7e.
Throughout the article r(-) is a nonincreasing function, and for convenience we
will assume that it has the form

(1.3) r(k) = k~“L(k), k=1,

for some & € [0, 00) and for some slowly varying (at infinity) function L(-) satis-
fying L(1) = 1. Recall that a function L(-) is slowly varying at infinity if for any
a € (0,00) we have limy o L(ax)/L(x) = 1.

The first natural question is whether all vertices become occupied (i.e., perco-
lation occurs) at some finite time or not starting from a single occupied vertex (or
equivalently from finitely many occupied vertices) at time 0. Even if percolation
does not occur at some finite time, it is not at all obvious whether |B;| < oo a.s. for
any / < oo or not.



210 S. CHATTERJEE AND P. S. DEY

Hereafter |A| denotes the size for a set A. Our first result shows that B; covers
the entire Z¢ instantaneously (instantaneous percolation regime) when the com-
munication rate function r(-) satisfies (I.3)) for any @ < d, whereas |B;| < oo
a.s. for any ¢ < oo when (I.3) holds for any o > d.

THEOREM 1.2 (Instantaneous Percolation Regime). For the communication rate
function r(-), define A to be the integral A .= floo x4 1r(x)dx.
1) If A = oo, then P(|B| = o0) = 1 forany t > 0. In particular, if r(-)
satisfies (1.3)) for some o < d, then for any t > 0,

P(B; = Z%) = 1.

(ii) If A < o0, then there exists a constant ¢ > 0 depending only on A and d
such that

E(|B:|) < e forallt = 0.

So for o > d the size of the occupied set grows at a certain finite rate depending
on « and d. Here we show that there are many different growth regions. The first is
the exponential growth regime, which is observed when (1.3) holds with « = d and
any L(-) satisfying some additional restrictions. Note that Theorem ensures
that if the size of B; is finite for any ¢ < oo, then it can grow at most exponentially
fast.

THEOREM 1.3 (Exponential Growth). Let the communication rate function r(-) for
the LRFPP model on the complete graph with vertex set Z2 be nonnegative and
nonincreasing, and satisfy (1.3) with « = d and some L(-) having the properties

* L ® —log L
(1.4) / (x) dx <oo and / Tk 24 x) dx < oo.
1 X 1 x(log x)2

Then there exist constants 0 < ¢ < C < 0o depending on L(-) such that

T(0
lim P(cs (’X)sc)=1.
lIx[|—o0 log||x||

Moreover, there is a constant a > 0 such that E|B;| = e?' for anyt = 0.

Between the two properties of L(-) mentioned in (I.4)), the first one ensures that
the growth of the LRFPP ball is finite at any finite time, whereas the second one
enables us to construct a path between any two vertices of Z4, which are located
at large £, -distance away from each other, such that the passage time of the path
is logarithmic in the euclidean distance between them. The second condition of
(L.4) arises quite naturally and is somewhat optimal. Note that the same condition
also arises in case of the LRP model on Z¢ corresponding to exponential growth
(see [52]).

Next, we focus on the stretched exponential growth regime, which is observed
when (1.3) holds for some « € (d,2d).
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THEOREM 1.4 (Stretched Exponential Growth). Let the communication rate func-
tion r(-) for the LRFPP model on the complete graph with vertex set Z.¢ be non-
negative and nonincreasing, and satisfy (1.3) for some o € (d,2d). Define

log 2
Ala,d) i = ————— e (1, .
@ d) = € 1%
Then, for any € > 0, we have
log 7(0,
G) lim P(A(a,d) e 08TOX) e ay s) — 1, and
lx[|—o0 log log||x||

loglog Dy

1

(i) tgn;op( logt A(oe,d)‘ se)=

Note that as « increases from d to 2d, the value of 1/A(«, d) strictly decreases
from 1 to 0. Thus, the family of the LRFPP models, which satisfies the hypothesis
of Theorem [I.4] exhibits all possible “stretched exponential” growth behavior.

This together with the monotonicity property of the LRFPP model (see Remark
indicates that when « = 2d, the growth rate of the occupied set is slower than
any stretched exponential. Now we present some bounds for the LRFPP metric and
diameter of the associated LRFPP ball when (I.3) holds with « = 2d and L = 1.
These bounds capture the order of magnitude for the growth of the LRFPP ball at
this critical value of «.

1.

THEOREM 1.5 (Log Correction for « = 2d). Let r(k) = k_Zd, k =1, be the
communication rate function for the LRFPP model on the complete graph with
vertex set 2. There exist constants 0 < ¢ < C < oo depending only on d such
that

log T(0
1) lim P(csog—(’x)<c)=1,and

Ixll—o0 Jloglx|

log D
@) lim P(C™2< 222t <=2 =1,
t—o00 (log t)z
Next, we show that any communication rate function satisfying (I.3)) for some
a € (2d,2d + 1) corresponds to the superlinear growth regime, in which the
occupied set of the LRFPP model grows faster than linear at a certain polynomial
rate.

THEOREM 1.6 (Superlinear Growth). Let the communication rate function r (-) for

the LRFPP model on the complete graph with vertex set 74 be nonnegative and
nonincreasing, and satisfy (1.3) for some o« € (2d,2d + 1). Define

INo,d) =a—2d.

Then, for any € > 0,

b p(ried) o< bETOR

lIxl|—o0

<IMN'(e,d) + e) =1, and
log| x|
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log Dy

(2) lim IP’( §8) =1
t—00 ogt

Note that as « increases from 2d to 2d + 1, the value of 1/T'(«, d) strictly
decreases from infinity to 1. Thus, the family of the LRFPP models, which satisfies
the hypotheses of Theorem [I.6|exhibits all possible superlinear growth behavior.

Finally, we show that any communication rate function satisfying for some
o > 2d + 1 corresponds to a linear growth regime, in which the growth of the oc-
cupied set in the LRFPP model is similar to that of the standard (nearest-neighbor)
first-passage percolation model.

—1/T(a,d)

THEOREM 1.7 (Linear Growth). Let the communication rate function r(-) for the
LRFPP model on the complete graph with vertex set Z¢ be nonnegative and non-
increasing, and satisfy (1.3) for some « > 2d + 1. Then, for any x € 72\ {0}
there exists v(X) > 0 such that for any ¢ > 0,

nli)ngo]P’((l —e)v(x) <n IT(0,nx) < (1 + e)v(x)) = 1.

Moreover, v(-) can be extended to a function v : R? [0, 00), for which v(y) # 0
whenever'y # 0 and

P({yeRd vy)<l—-glCt 1B C {yE]Rd v(y) <1+¢}
for all sufficiently large t) =1
forall e > 0.

Note that when the communication rate function r(-) satisfies (I.3)) with & =
2d + 1, then comparing the growth of 7°(0, x) with other values of « and using
the monotonicity property of the LRFPP model (see Remark [I.1), it is easy to see
that 7°(0, x) grows like ||x||1+0(1) as ||x|| — oo. However, our current techniques
do not yield the exact growth rate in this case. Based on the results from [26]],

too xdr(x)dx)l/d dt < oo is sufficient and the

condition |’ 1°° x24r(x)dx < oo is necessary to ensure linear growth for the LRFPP
metric with communication rate function r(-). However, here we have not pursued
the problem of finding necessary and sufficient conditions that will imply linear
growth.

we believe the condition || 1°°(

Remark 1.8. If the communication rate function r(-) satisfies

log (k)
im =
k—oo logk

’

then combining the monotonicity property of the LRFPP model (see Remark [I.1)
together with Proposition [8.2] below, it is easy to see that the conclusion of Propo-
sition[8.2] and hence that of Theorem[L.7] also hold for r(-).

Remark 1.9. Our proofs for the above theorems can be extended to the case where
the common distribution of {w, }eecs is a positive power y of the exponential dis-
tribution. In that case, similar phase transitions occur for the associated LRFPP
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metric, but the phase transition points are dy, 2dy, and 2dy + 1 instead of d,
2d, and 2d + 1, respectively. Also, the corresponding growth exponents for the
stretched exponential and superlinear growth regimes are A(a, dy) and I'(«, dy).

1.7 Heuristics Behind the Thresholds

In this section, we provide an intuitive explanation for the existence of differ-
ent phase transition points. Comparing with the growth behavior at « = oo (the
nearest-neighbor FPP model), it is easy to see that the growth of the LRFPP balls
is always linear or faster than linear. For simplicity, assume that r(k) = k7%,
k = 1, for some o > 0. Note that when & < d, Y c7a r(||x]]) = oo and hence
minycza Wi xy = 0 a.s. Thus |B;| = oo a.s. for any ¢ > 0.

Now suppose that the growth of the LRFPP ball is polynomial for some o with
growth exponent B = f, in the sense that the euclidean diameter of the occupied
set By = BE"‘) at time ¢ is of order . Clearly we must have 8 > 1. Then,
the size of B; at time ¢ is of order t%#, so the minimum weight among all edges
that have one end in B; and have length more than £ is exponential with rate ap-
proximately of order t48¢=@=4) Now note that if £ > 8, then this minimum
weight edge must have weight more than O(¢) with high probability, otherwise
the growth of the LRFPP ball will be faster than O(t?). Thus, using the fact that
P(X = 1) = e~* when X is exponentially distributed with rate A, we must have
t-14B.=BFe)e—d) — (1) ast — oo forany ¢ > 0, which implies S(a—2d) = 1.

Clearly for ¢ < 2d, the above heuristic calculation does not hold (as @ —2d <
0), which implies that the growth is faster than any polynomial. In fact, comparing
the growth with an LRP model, in which an edge e € & is present with probability
1 — exp(—|le||™%), it is easy to see [11] that the growth is at least stretched expo-
nential. Thus, one expects a transition from stretched exponential to polynomial
growth as o changes from smaller than 2d to larger than 2d.

Now, for « € (2d,2d + 1] we have (« —2d)~! > 1, so the growth exponent
B for the diameter of the LRFPP ball is bigger than (o« — 2d)~!. Also, for 8 :=
(@ — 2d)~! intuitively the growth of the diameter cannot be faster than #8+¢ for
any ¢ > 0, as eventually by time ¢ all “usable” edges will have euclidean length
&« tB. Thus, for @ € (2d,2d + 1] the growth exponent for the diameter of the
LRFPP ball must be (o« —2d)~!.

Now note that (@ — 2d)™! = 1 when o = 2d + 1, so by monotonicity one
expects the growth exponent for the diameter to be < 1 when @ > 2d + 1. So,
the linear growth dominates in this case. Moreover, it is easy to see that for any
¢ > 1(@+D/(@=d) the minimum weight among all edges that have one end in B;
(which has linear growth) and have euclidean length £ is larger than O(¢) with high
probability, and thus up to time O(¢) none of the edges having euclidean length
more than O (¢t (@+D/@=d)y will be used. Moreover, 0 := (d +1)/(e—d) € (0,1)
when « > 2d + 1. This idea will play a crucial role in proving linear growth. If
we break the lattice into boxes of length n? and if the optimal path from 0 to nx
cannot jump over boxes, then we have a nearest-neighbor path over the boxes, and
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if the path spends O (n?) time in most of the boxes, the total time is ©(n). We will
use a renormalization technique to use this idea in proving the linear growth.

1.8 Discussion and Open Problems

As alluded to earlier, the long-range percolation model on Z4 is not well under-
stood when the associated LRP graph metric is expected to scale polynomially with
the euclidean metric. The only available result in this context [22] is the existence
of a scaling exponent in one dimension ensuring polynomial scaling of the LRP
metric. Also, the linear growth of the LRP metric, when relevant, is not fully es-
tablished. In this article, we have been able to elucidate those two growth regimes
(polynomial and linear) in the case of a class of a long-range first-passage percola-
tion model, which can be thought of as a continuous analogue of the LRP model,
in addition to identifying and analyzing other growth regimes for it. For our model,
we have proved linear growth for the associated LRFPP metric along with a shape
theorem for the growth set in the case of almost all candidate communication rate
functions. We have also pinned down the growth exponent for all communication
rate functions that correspond to polynomial growth for the occupied set.

In our LRFPP model, all edge weights are exponentially distributed (or are some
power of an exponentially distributed random variable). So, a natural question
arises: what happens if we replace an exponential distribution by an arbitrary dis-
tribution supported on [0, c0). In many places in this article we have used prop-
erties of the exponential distribution to facilitate our calculations. However, the
crucial fact that will imply a similar phase transition is that the distribution of w,’s
satisfy P(we < x) = ©(x) for x <« 1. In general, when P(w, < x) = O(x%) for
x < 1 and for some real number s > 0, the phase transition points will be d /s,
2d/s,2d /s + 1, respectively, under appropriate moment conditions. In a sense, the
“effective” dimension becomes d /s instead of d in that case. Note that when (w,)*
has exponential distribution with rate 1, it is easy to see that P(w, < x) ~ x%, and
one can go through almost all the computations in this article to see the above phe-
nomenon (see Remark [I.9). The general case will be dealt with in a forthcoming
article.

Even for the model that we consider here, there are many fascinating phenomena
that we have not analyzed yet. We mention some of them below. See Figures [I.T]
[I.2] and[I.3|for simulated pictures of the random growth set in two dimensions.

(a) What is the limiting distribution of 7'(0, nx) asn — oo when« € (d,2d)?
Heuristically the limit should be Gaussian at least when « is close to 2d .

(b) In the stretched exponential growth regime o € (d,2d), is it possible to
formulate and analyze the boundary behavior of the growth set?

(c) For @ € (2d,2d + 1), one should have a random “shape theorem.” More
precisely, for any fixed direction x € R? the ratio T(0, |nx])/n® 24
should converge to a random variable.
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FIGURE 1.1. Simulated growth for r(k) = k=3 in d = 2 up to time
t = 24 at volume 25 421. Different colors show the growth pattern at six
equispaced time points.

FIGURE 1.2. Simulated growth for (k) = k= (left) and r (k) = k=43
(right) up to time t = 48 and r = 60 with volume 46 113 and 19635,
respectively. Different colors show the growth pattern at six equispaced
time points.

(d) How does T'(0, nx) grow as n — oo when r(k) = k=417 We believe
the answer is ®(n(log n)~?) for some 6 > 0.

(e) In the linear growth regime, does the fluctuation of the first-passage time
have a phase transition too or is the fluctuation universal?

(f) From simulation results, it is obvious that for @ > 2d there is a single large
connected (in Zd) cluster for the growth set; however, for @ < 2d there are
many of them. Is it possible to analyze the number of “big” components in
the growth set 3;?
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FIGURE 1.3. Simulated growth for (k) = k> (left) and r (k) = k>
(right) up to time ¢ = 90, with volume 19534 and 12 911, respectively.
Different colors show the growth pattern at six equispaced time points.

1.9 Organization of the Paper

The paper is organized as follows. In Section[2] we set up our notation and prove
the technical estimates needed later in the proofs. Section [3] contains the proof
of Theorem [I.2] about the transition from instantaneous growth to subexponential
growth. In Sections [4] and [5| we develop a multiscale analysis and self-bounding
recursion for the expected volume that will be used crucially to find appropriate
lower and upper bounds for the growth set at time 7. Finally, we prove the main
theorems: Theorems [T.4] and [I.5] (Section [6)), Theorem [T.6] (Section [7), and Theo-

rem [1.7] (Section [g).

2 Notation and Estimates

Recall that G¢ = (Z4, &) denotes the infinite complete graph on the vertex set
72 and edge set & := {(xy) : X,y € Z% x # y}. Also {we}ece is a collection of
1.i.d. exponentially distributed random variables with mean 1, and the passage time
for the edge e = (xy) € & is We = we/7(|le||]), where ||e|| = ||x — y||. Recall that
r satisfies (T.3); i.e., r is nonincreasing and is of the form

rk) = kL), k=1,

for some o > 0 and a slowly varying function L(-) with L(1) = 1.

For a finite &-path 77, the passage time is defined as Wy := ), We, and the
first-passage metric on Z< is
T(x,y) := inf Wy where Pyy :=
mwE€Pyxy
{{XoX1 - Xg) : X0 =X, Xt =Y,X; #X;—1,i = 1,2,...,k}.

B; denotes the ball of radius ¢ around the origin for the random metric 7'(-, ),
and D; denotes the diameter of that ball.

The following tail estimate for sums of exponential random variables will be
useful in our analysis.
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LEMMA 2.1. Let X1, X2, ... be i.i.d. exponential random variables with mean 1.
Let A1, A, ... be a sequence of positive real numbers. Then for any t = 0 and
k =1 we have

k k koo Kk
- H)usP(Z%sz)S(%) [1*
i=1""

k
[Tici(k + Ait) i=1
Moreover, if Aj = A for all i and A = Zf-czl 1/A;, then for any t = A we have

k

IP’(Z f—; = t) < exp(—#).

i=1

PROOF. Using the exponential Markov inequality and the fact that

A 1
2.1 E(e~%%i) = o for @ > —1
we have
k k -1
Xi ot 4 ot Ai
]P’(Zk—i$t)Se _l_[(l—i_)t_i <e H?
i=1 i=1 =
for all & > 0. Taking 6 = k/t we get the required upper bound for the lower tail
of Zf;l Xi/A;. For the lower bound we use independent events. Clearly

k

X; .
P(,;/\_i S f) > P(X; < Ajt/k forall i)
k k

— 1_[(1 _e—)k,'t/k) >

i=1

Ait
: k-f—)&,'t’
i=1

where the last inequality follows from the fact that 1 —e™ > x/(1 + x) for all
x=0.
For the upper tail bound we use the Markov inequality and (2.1) to obtain

k k

, -1
(§ 2o 2)

i=1"" i=1

for all 8 € [0, 1). Also using the monotonicity of the function —log(1 — x)/x, we

have
k k
X; A
logP(Z A— > t) < -0 - o log(1—6) = —A(61 + Alog(1 - 0)).
1 l
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Taking & = 1 — A/t and using the fact that 1 — x 4+ xlogx > (1 — x)2/2 for all
x € [0, 1], we finally have

k

X; At(1 — A/t)? At — A)?
l

i=1

This completes the proof. O

LEMMA 2.2. Let X1, X2,... be i.i.d. exponential random variables with mean
1. Let A1, A, ... be a sequence of positive real numbers. Then for any t = 0,
k >m =0, we have

k m 2k— k— 2k—m
X; X; (et)2k—m
P(E Ry i Y M) e ST
i=1 i=1 i=k+1 i=1
PROOF OF LEMMA It is easy to see that
k ) m ) 2k—m X
P _lgt’ 2t _lgt
(Z Ai Z A * . Z Ai
i=1 i=1 i=k+1
m 2k—m k
X; X; X;
<P(Lirsn X arsn X 3hr)
oA i=k+1 Ai i=m+1 "
m 2k—m k
Xi X X;
=P — <t)|P —<t|P — <t.
(=7 (2 5 =) ( 2,5 =)
i=1 i=k+1 i=m+1

Applying Lemma[2.T|to bound each of the above terms, we get the desired inequal-
ity. U

The inequalities in Lemmas [2.1] and [2.2] clearly suggest that the behavior of the
tail probabilities for the passage time of a finite &-path = depends on [ [, (|le])
(which corresponds to the term [ [; A; in the two lemmas). So analyzing this quan-
tity for a certain collection of paths is important in order to understand the growth
of the first-passage metric. Keeping that in mind, we now estimate the following:

For any positive integer k > 1 and x,y € Z¢, let

Pr (X, y) be the set of all finite &-paths of length

(2.2) (no. of edges) k from x to y
We define
23) Ay = 3 []rleD.

n€Pk(x,y) €7

In order to estimate the growth of ./, first we need the following bound:
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FIGURE 2.1. Decomposition of 74 \ {0,x} into 4;,7 = 1,2, 3.

LEMMA 2.3. Let r(-), q(-) be nonincreasing functions on N — (0, 0o) satisfying

xfrix +1) —r(x)| _ xlg(x +1) —g(x)|
p ¢, Sup <,

x=1 r(x) x=1 q(x)

(2.4)

for some constant ¢ > 0. Then, for any x € Z4 we have

> rlx—yhadlyl)

y#0,x

[Ix] [Ix]l
- d—1 d—1
\a(r<||x||) /1 ¥ g()dx + q(x]) /1 ¥ () dx
+ 1 d )
/” X r(x)q(x)dx

x|l
for some constant a < oo depending only on ¢ and d.
PROOF. Let m := %||X||2. Here |x|, = (inz)l/2 is the £>-norm and

Ba(x,r) = {y : |[x—yl, < t} is the £»-ball of radius ¢ centered at x (see Fig-
ure. Note that d~1/2||x| < [|x|l, < |[x||. Define the sets

Ay :=B5(0,3m) \ {0}, A :=By(x,3m)\ {x}, and As:= By(x/2,v/5m)".

It is easy to see that Uf’=1 A; = Z%\ {0,x}, as the distance between x/2 and

any vertex outside A, U A5 is at least v/(3/4)2 — (1/2)2|x||, = +/5m. Therefore
we have

3
> rdix=ylhadiyld < Y > rdix—ylhadlyl)-

y#0,x i=1yeA;

Now y € A; implies |x —y|| = ||x—y|, = m. Moreover, the conditions

imply that supy>q r(ak)/r(k) < oo and supgs; g(ak)/q(k) < oo foralla > 0.

In particular, r(||x||) and r(||x||,) are equivalent up to constant multiplication.
Thus we have

3m (Il
> rlx=yIbglyl) < r@m) i qG) < ar(|xl) /1 x4 1g(x)dx

yEA i=1
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for some constant a > 0. Similarly, we have

(IxI|
> r(lx = yadlyl) < ag(ixl) f1 ¥4 (x)dox,

yEA2
Finally, using the triangle inequality we have

I¥llz =y =x/2ll; =2m and |Ix—yll = Iy —x/2[l, = 2m,

and thus
> rlx=yihgdlyld <@’ Y sV (s = 2m)q(Vs — 2m)
YEA3 s=5m?2
o,]
< a”/ xd_lr(x)q(x)dx
(1]
for some constant a”. O

COROLLARY 2.4. For a, > 0 there exists constant ¢ > 0 depending on «, B,
and d such that for any x € 74

@ Yysox¥IPIx =y < c|x|“P7* if0 <@ p < d anda + B > d,
() > yroxllYITIx —yI™* < clIx]|7* if e > d.
k_ZVe now use Lemma|2.3|to estimate the growth of .. We use ./} when r (k) =
LEMMA 2.5. Let r(-) satisfy For any fixed k = 1 and any x,y € Z2,
(@) @ < (k — 1)d/k implies ¥ (x,y) = o0,
(b) (k—1)d/k <a < d implies
ak—l ||X _ y”(k—l)d—k(x < y’;x(x’ y) < bk—l ”X _ yll(k—l)d—kol
for some constant a, b > 0 depending only on o and d, and
(c) A:= loo x4 (x)dx < oo implies that
a“lr(lx —yl) < A xy) < 6 (Ix—yl)
for some constant a, b > 0 depending only on A and d.

PROOF OF LEMMA 2.3 Let z be a lattice point closest to x/2. Define ¢; :=
2¢||x|| for i = 0 and consider the open annulus A; around z of inradius ¢; and
outradius 2¢;. Clearly |A;| = cdﬁld for some constant ¢; > 0.

Let P;, i = 0, be the set of all paths from 0 to x with k edges where all the
vertices on the path, except the first and last one, are in 4;. Clearly the P;’s
are disjoint and |le|| < 4¢; for every edge e belonging to some 7w € P;, so the
contribution of P; in .#3*(0, x) is = ak E;i(k_l)_ak for some constant @ > 0.

[@)|For o < (k — 1)d/ k, the index of ¢; is nonnegative, so summing over i we
get /¢ (0,x) = oo. This proves|(a)}
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[(b)|Note that we have already proved that

Z20.x) = Y [llel™ = a¥ x| *D9*,

mEPy eET

To show that this is the correct order for & € ((1—1/k)d, d), we will use induction
to show that
2.5) FRE0,x) < cE x| DL forall x € 29

andforany 1 < L <d/(d — @),

for some positive constant ¢;. For L = 1, it s trivial to see that /7 (0, x) = [|x|~*
and (2.5) holds. Assuming (2.5) holds for L =/ and/ + 1 < d/(d — ), we have

- - I-1)d—I -
S0 < Y AFOYIx -y <Y Iy -y
y#0,x y#0,x

SO applylng Corollarywith ﬂ = la _ (l _ l)d, we have
FEL0,%) < ch x4 = clfx| @D

and thus (2.5) holds for L = [ + 1. This proves [(b)
Now, we move to the proof of the case when A := floo x4 1 (x)dx < 0.
To see the lower bound for . (0,x), it is enough to consider a path that starting

from 0 moves among the set {y : ||y|| = 1} and finally jumps to x at the k" step.
For the upper bound, we follow the induction argument that leads to the proof of

(2.5) to prove

ZT(0,%) < Flr(|x|) forallx € Z9 forany k > 1,

where c is as in Corollary 2.4(b), The main step is to bound r(lyIDrdlx =y,
y
2.4(b)

for which we use Corollary U

Lemma|2.5|together with Lemmal[2.1|gives an estimate for the first-passage time
whena > d.

LEMMA 2.6. Assume A := loo x471r(x)dx < oco. There exists a constant ¢ =
c(A,d) > 0 such that for any x € Z¢ and t > 0,
P(T(0,x) <) < (e = Dr(||x[).
PROOF. For Py (0, x) as defined in (2.2)), we use the union bound to have
o0
P(TO.x) <)<Y > PWy<i)

k=1 me€Pk(0,x)
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Applying Lemma [2.1] to bound the summands of the above display and recalling
the definition of . from (2.3)), we have

00 k
IP’(T(O,X)SI)SZ(Z—[) > TTrdleb

k=1 mEPK(0,x) €ET
00 k 00 k
et ebt
- Z(?) SLO.%) < 2(7) (Il
k=1

k=1
for some constant b = b(A, d) > 0, where the last inequality follows by applying
Lemma As Z;ozl(ebt/k)k < Pt — 1, the rest of the proof follows

easily. O

3 Instantaneous Percolation Regime

PROOF OF THEOREM LD} When 4 := [ x971r(x) = oo, it is trivial to
show that |B;| = oo for any ¢ > 0. So we consider the case when r(k) = k™%
with o < d. Tt suffices to show that P(7'(0,x) > &) = Oforany e > Oandx € z4.
To prove this assertion we will define a sequence {P;};>¢ of subsets of P(0,x),
which is the set of finite &-paths joining 0 and x such that whenever j # j’, any
m € Pj and 7’ € Pjs are edge disjoint, and

(3.1) T; = inf{W2 : 7w € P;} satisfies P(T; >¢) <1—36

for some 6 > 0, which does not depend on j. Clearly {7} };>0 will be a sequence
of independent random variables, so that

P(T(0.x) > &) < [[ P(T; > ).
Jj=0
The product term equals 0 by the property of 7}, and so the desired assertion will

be proved.
In order to define {P;}, fix an integer k > d/(d — «) and for j = Olet {; :=

2/ (k — 1)/ ||x||. Let z be one of the lattice points closest to x/2. Also, let Bl.(j),
1 <i < k — 1, be the annulus centered at z and having inradius (2i — 1){; and
outradius 2i ;. With these ingredients, define

P i={m = (XoX1...Xg) : X0 = 0, X =X, X; eBl.(j)fori =1,2,....k—1}.

It is easy to see that

G20 [Pl =B [BE] B,
(3.2b) cil Jd |Bl.(J )| <Gl ]d for some constants ¢; and C;, and

<
<

(3.2¢) [;i < |le|| < 4(k — 1)l; for all e belonging to some 7 € P;.
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In order to obtain (3.I) we use a standard second moment argument involving
Nj :=|{m € P; : Wy < ¢}| to have

(E(N)))?
(3.3) P(T; <e)=P(N; = 1) = TNJJ?)'

Now using the first inequality of Lemma 2.1

EN) = D P(Yllelwe <e) = > (kig)kl"[nen‘“.

neP;  eexm TEP; ecm

Combining the last inequality with (3.2)), we get

k
(G4  EW) = (kiﬂ) (4(k = D)™ |P;| = A(k. &) - 1€V

for some constant A(k, ) > 0. On the other hand, noting that for the paths 7, 7’ €
Pj,eitherm = 7’ or | Nn'| <k -2,

E(N/) = Z P(Zne”“we SE2 Z lle]|“we < e)

w, ' €P; 4= 4 een’
=3 P(Xlel“we < e)
mEP; [4SF4
k—2
£ X B(Xlelfwe <o Y llel“we <¢).
m=0 7,7’ €P;:|xNn’|=m eExn eem’

Using Lemmas [2.1] and to bound the summands of the first and second term,
respectively, in the right-hand side of the above display,

ENA) < Y ctke) [llel™

T EP; eem
(3.5) k—2
+ > > clk.m.e) [T llel™.
m=0x,n’€P;:|xNx’|=m eerUm’

Now (3.2) suggests that |P;| < ]_[f-;l Cil;i(k_l), and for any fixed 7 € P; and

k
’ . N — < ) d (k—1—m)
[x' e P lmna|=mi| < [] Gl ,
i=1
as |t N 7’| = m implies that there are at most k — 1 —m endpoints of edges present
in 7’ but absent in 7. So the number of summands in the inner sum for the second
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term in (3.5)) is at most

(1—[ Cz) 4(2k —2— m)

i=1
From (3.2) we also have that the product term in the first summand of
(3.5) is at most ]_[fc_l1 _"‘l_“k and that in the second summand is at most

fc_ll _2"‘1 e (2k—m) . Hence, using the fact that « < d, we have

k—1 k—1
E(N?) < [T G1f %V ctko) T o

i=1 i=1

(36) k—2 k—1 k—1
+ Z l_[ Czld(Zk —2—m) c(k,m, 8) 1—[ ci—ZOtlj—(l(Zk—m)
m=0i=1 i=1

for some constant A’(k,e) > 0. Plugging the estimates of (3.4) and (3.6) into
(3.3) and noting that d(k — 1) — ka > 0 by our choice of k, we finally have
P(T; <¢&) = A(k,e)?/ (24" (k, ¢)) =: §. This completes the argument. O

PROOF OF THEOREM [[.2[i1). We have
E(B:)= Y P(T(©0.x) <1)
xeZ4
<1+ > r(IxDEe” —1) =1+ Ca(e — 1) < 71V C
xeZ4 x#0

where the first inequality follows from Lemma [2.6] and the second from the fact
that

> r(Ixl) = Ca < 0. 0

x€Z4 x#0

This completes the proof of Theorem [[.2]

4 Multiscale Analysis

In this section, our goal is to find a suitable upper bound for the first-passage
time 7(0,x) in terms of ||x|| when @ € (d,2d + 1). For simplicity, we will only
consider the case when r(k) = k=% for k > 1.

PROPOSITION 4.1. Assume that r(k) = k=%, k = 1, witha € (d,2d + 1). Define
A(a) := 1/log,(2d /) for o € (d,2d). For any t > 0, there exist constants
¢, C > 0depending only on a, d such that

2

(@) P(T(0,x) = (1 +1)c|x|*2%) < exp(— ) fora € (2d,2d + 1),
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(b) P(T(0.%) = c(l +t)exp(2 2dlog210g||x||))

)
< exp (— exp(C +/log n)) fora =2d, and

141t
2
(1og||x||)““>)

© P10 > (1 -+ 0coglx)A®) < exp( -
foroa € (d,2d).

t+1

In order to prove Proposition[d.1] we look at a general ansatz for the optimal path
that will give us an appropriate upper bound for the minimum time to reach a point
from the origin. The idea is to get hold of the minimum among all functions f :
R4+ — R4 such that the longest edge in the optimal path joining any two points
separated by euclidean distance n from each other connects the euclidean balls of
radius f'(n) around those two points with high probability as n increases to infinity.
Identifying this will enable us to understand the structure of some near-optimal
paths and hence to obtain an upper bound for the minimum time to communicate
between two points.

Let B(y, k) denote the £,o-ball of radius k£ around y so the volume of B(y, k) is
at least ck? for some constant c. Fix a point x with ||x|| = 7. Obviously

P(T0.x) 2 1) S P(Wrx) =1)

for any (possibly random) path 7(x) joining 0 and x. We will work with some
particular choices of 7 (x), for which first we need to introduce some notation.

Fix a function f : Ry — R such that f(x) < x/2 for all x = 1, and let
fo =nand fr = f(fr_1) inductively for 1 < k < K := max{k : fr = 1}.
Define

4.1) u =0, wu;:=x, Bo:=B(u, f1), Bi:=B(uy, f1).

and let ug; € By and uy9 € Bj be random vertices such that the edge (ugiujg)
has minimum passage time among all edges connecting the two euclidean balls By
and B, i.e.,

(wpruyp) := argmin{Wy) : u € Bo,v € By}.
In general, fori = O and o € {0, l}i we identify ugso with usop and us1 with ugyy;
then we inductively define

Bsj := B(ugj, fi+1) for j €{0,1},
and let ugo1 € Bgo and ug19 € By1 be random points such that
(upo1u510) := argmin{Wy,) : u € Byo,V € By1}.

We denote the length of o by ||o ||, that is ||| := i for o € {0, 1}'.

Now we define a collection of finite &-paths {7y }le joining 0 and x as follows.
Since ug00, Ug01 € Boo and [[ug00 — Ugo1| < fjo|+1. there are nearest-neighbor
paths of length at most fj4|+1 joining ugsop and uso1 and staying inside Byo.
Choose one such path mso. Similarly, choose one nearest-neighbor path 751 of
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FIGURE 4.1. Pictorial description of the paths 7 in the ansatz for k =
3. Vertices in the small boxes are connected by nearest-neighbor paths.

length at most f||(,||+1 joining us10 and ugpq and staying inside Bsp. Using the
edges {(us01U510) : 0 € [J;5010, 13} and the path segments {(7g0, 7To1) : 0 €
Ui=0{0. 1}'} as ingredients, define the paths {7 }1<k <k by

k
= |J @ooUme ) U  (usoruoo).

oe{0,1},—1 i=1ge{0,1}i—!

In words, 7 consists of the nearest-neighbor path segments 759 (750 stays
inside the ball Byso and connects ugsop and Ugg1) and 7y (e stays inside the
ball By and connects uy1¢9 and ug11) for o € {0, 1}"‘1 (there are 2% such path
segments, all having length at most f;) and the edges (us91ugs10) connecting the
balls By and By for o € Uf:é {0, 1}, See Figurefor a pictorial description
of the path 73 in the ansatz.

Having defined the paths {77} }, we now estimate their passage times. Basic prop-
erties of the exponential distribution and the fact that [[u — v|| < fio| + 2fjo)+1
foru € Byg and v € By imply that the passage time for (ugzo1Ug10) iS exponen-

tially distributed with rate

4.2) > Iv=ul™ = c(fjoy + 2fiot+) SR 41

u€Bs0,v€EBy1

Also, the passage times of (Ugz91U510), 0 € UiK;Ol {0, 1}, are independent, as their
definition involves a minimum over disjoint sets of edges.

Combining the last observation with the inequality in (4.2)) and the fact that the
passage times for the nearest-neighbor edges are i.i.d. and exponentially distributed
with mean 1, it is easy to see that W5, is stochastically dominated by

fr k
Yo N Xei+Y Y elfim +2/) 7 Ko,

oe{0,1}k i=1 i=1lge{0,1} !
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where {X,} and {X, ;} are i.i.d. and exponentially distributed with mean 1. Now
the second assertion of Lemma 2.1 with

k
A=Apgi=cY 27N fin +2/) ;72 + 2 £
(4.3) i=1
1

_ o : N\ O .—2d -
A=Adgr =1 +1r£la§k(ﬁ—1 +2/M0)* 7]

together with the fact that 7'(0, x) < W5, implies

t2
“4.4) P(T(0,x) = (t + 1)Aﬁk) < exp(—m/\f,klf’k)

for any ¢+ = 0 and for any f : Ry — R such that f(x) < x/2. We need to
minimize the value of A sy over the choices of the function f and 1 < k < K.

4.1 Casel: ¢ € (2d,2d + 1) (Proof of Proposition 4.1|(a))

In this case, we consider the collection of functions { f¢(-) : a > 2}, where
f%(x) = x/a. The optimal choice of a will be specified later. We will use a
in the superscript to denote the dependence on a. In that case, f;* = n /ak and
K% = |logn/loga]. To understand the order of magnitude of A ra x, note that

k
Afag =c Z 27 Ya + 2)°‘a(2d_°‘)in°‘_2d + 2k pak
i=1
c(n/a)*24(a +2) - 10?00 ok gk pg2d— £ 1,

= 1—2a2d—2
4.5) c(n/a)*24(a +2)% -k 4+ 2kna=* if2a2d—% = 1,
cn®24 (1 — a4k + 2/a)kn  ifa® 24 > 2,
= qen® 24k 4+ (2/a)kn if 24 = 2,
c1n®242g2d=k 1 (2 /a)kn ifa®=24 <2,

for some constant ¢; > 0 depending on ¢, d, and a. To minimize the last expres-
sions with respect to k, note that the functions
cn® 24 (1 — 242472y + (2/a)’n  ifa® 24 > 2,
Y= c1n°‘_2dy + (2/a)’n if g 2d =2,
c1n®24[2q24=2 4 (2/a)’n if @24 < 2,
are minimized when y = logn/loga + c, for some constant ¢;. Now note that
n(2/a)k = O(n'°e2/102a) when k = logn/log a+c for some constant c. Keeping
in mind that k can be at most K¢ = [logn/loga], let k* = |logn/loga +
min{c,, 0}]. Considering the dominating terms, we have
0 (n*—24) if @24 > 2,
min Agra g = Aga ja = 0(n* 24 1ogn) > O(n*24) ifa* 24 =2,
k<K O(nlogZ/loga) > O(na—Zd) if g®2d <« 2.
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So our choice of a should satisfy a®~2¢ > 2. Therefore, (.5) implies

min Af”,k = Af”O,k“O = (AO + 0(1))na—2d

a,k<K4
for
2 o
ap = argmin u cq¥2d S ot
(aa—zd _ 2)
(ap +2)*

A() = —d

(a§—2% -2)

Also, it is easy to see that Asag gao = [1 + n%72%(ag + 2)%/a@~24]71, so
Agag gao Agag gao = Cz + o(1) for some constant C > 0. Therefore, re-
placing (f,k) by (f?°, k%) in {#.4) and recalling that ||x|| = n, we see that if
a € (2d,2d + 1), then there are constants c¢(«), C(x) > 0 such that the desired
bound holds. O

4.2 Case 2: o = 2d (Proof of Proposition [4.1(b))

In this case, we consider the sequences {a,}, which satisfy a, > 1 and
loga, < logn, and (following the notation of (4.3)) define

k 2d —2d
Allan}. k) := szi_l((an’;f—l +2(c:)f) (%) +2 (a:)k’

i=1

n n 2d n —2d—-1
A{ant, k) = [1 + 12%«((%)"—1 + 2(an)") ((an)") ] .

The particular choice of {a,} will be specified later.
In this case, k can be at most K% = |logn/log(ay,)]|. Now note that
k
Alan}. k) = ¢ 27 an +2)*? + 26na;* = c(1 + 0(1))2%a2? + 2%na,*.

i=1

The two summands in the last expression will be of the same order if aX+24

Replacing a,, by n!/*+24) the right-hand side of the last display equals

=n.

2d
1 1 k log?2 1
c(1+o( ))eXp( 082+ 57 ogn),

which is minimized when k + 2d ~ ./2dlog,n. So we choose ko :=
| v/2d logyn —2d] and a2 := nl/ko+2d) and hence

A({ag}, ko) =c(l +o0(1)) exp(2 2d log2log n).
Also, it can be easily checked that kg < K ay and

A({ad} ko) = (1 + 0(1))(a2)_2d = (1 + o(1)) exp(—+/2d log 2logn),
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which makes A ({a2}, ko)A ({al}, ko) = (1 + o(1)) exp(C /Togn) for some C >
0. Therefore, replacing A ;. and Az by A({a®}, ko) and A({a}, ko), respectively,
in and recalling that | x|| = n, we see that if « = 2d, then there are constants
¢(d), C(d) > 0 such that the desired bound holds. 0

4.3 Case 3: a € (d,2d) (Proof of Proposition 4.1(c))

In this case, we consider the collection of functions { f¥ : y € (0, 1)}, where
fY(x) = x¥. The optimal choice of y will be specified later. We will use y in
the superscript to denote the dependence on y. In that case, fky = n”" so that

K? = |loglogn/log(1/y)]. In order to understand the order of magnitude of
Ay ., first note that k < K7 implies that

k
Zzi—l < 2K < (logn)'oe2/1e(1/v) " and

(4.6) i

_ —avk _ —
y* = (logn)™", and hence n=%"" = ¢7€.

The definition of A in (4.3) suggests
k
Aprge =3 2711 4 20~y Ty =@dy=ady ™ty okyr®,
i=1
For y < «/2d, it is easy to see using (4.6) that

k
Apy g — pla—2dy) < pl@—2dy) |:0(1) + p@—2dy)(y=1) Z 2i_10yj|
=2

=n@ 245 (1) + k7,

For y = a/2d, in order to understand the order of magnitude of A ¢ x, note that

o—(k—=1), @dy—a)y*~! Apvi—(1+ Zn—(l—y)yk“)“ —

k—1 ) 00
> 2= k=D (] 4 ¢,) 2~ @dy=a)( Ty Y o
i=1 i=0
So
@7 Apg = =247 (1 4 o(1)) + 2kn”" ify <a/2d,

C(y)2k—1p=Cdy=a)y = 4 okpy* ify >a/2d.

For fixed y, the dominating terms in the last expressions are minimized

when y¥ = ¢(y)/logn for some constant c(y). Now note that kvt =
O((log n)'e2/10e(1/v)y when yk = ¢(y)/logn. Keeping in mind that k can be
at most

K” = [loglogn/log(1/y)],
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we choose k¥ = |loglogn/log(1/y) + min{c(y),0}], and if we consider the
dominating terms,

i A~ A _Joma2dr) ify <a/2d,
k<ky TR T IR 0 ((log n)leg2/ 1021/ iy > o /2d.

Clearly the optimal choice of y to minimize the order of magnitude for the above
expression is «/2d . Therefore, (4.7) will suggest

lecn<iIIl(V Afy g & Agarpa gara = c(a)(logn)oe?/ loe2d/e)

for some constant ¢(«) > 0.
Also, by the definition of A in (.3)

ka/2d

A 2i—1
A fparad garagasnd gard = =
fel2d jeer2d A pelad oi2d Z T (1 + n—(—e/2d)(@/2d)k2 -1y

koz/Zzl

= C(a)2 = C(a)(logn)'oe2/loed/a)

Plugging the above values of A and A into (4.4) and recalling that ||x|| = n, we get
the desired result. O

S Self-Bounding Inequality for Expected Growth

In this section, we will prove an inequality for the expected volume of the ran-
dom growth set B; when « > d. This will lead to a lower bound for the first-
passage time 7(0,x) later and is inspired by one of the arguments presented in
Trapman [52].

For simplicity we will work with the case r(k) = k=%, k = 1, for L(¢) = 1
with fixed @ > d. For general L(-) the proof is similar because of the follow-
ing reason. Given a constant ¢ > 1 and a slowly varying function L(-) we have
Y isnkTL(k) = nl_“Z(n), where Z() is another slowly varying function.
Thus the exponent remains the same if we change the slowly varying function.

Define

6D gt):=E|B;| fort=0.

Theorem suggests that g(r) < e°’ for some constant ¢ depending only on «
and d. We will improve upon this bound and will eventually obtain a much better
one. For that we need to define
fk,t) := sup P(T(0,x) <t)e][0,1]
Ixll=k

fork,t > 0.

The following lemma proves that f(k,t) < k~*h(t) for a suitable choice of
h(-). Thus the contribution of the two arguments of f(-, -) can be separated,
which will be helpful in the analysis of this function.
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LEMMA 5.1. For any fixed @ > d and g as in (3.1)), there exist constants ¢,§ > 0
depending only on o and d such that f(k,t) < ck™%h(t), where

t
ht) = 1 /0 gt — y)(g(y) — Ddy + ¢,

It is easy to see that

g)y= > P(TO.x)<1)< ) va(k)flk.1),
k=0

xeZ4

where vg (k) = [{x € Z% : |x|| = k}| < cgk?™! for some constant ¢z > 0. So,
Lemma [5.1]together with the fact that f(k, ) < 1 suggests that for any R > 1

g(t) S 1+ cqk flk.1)
k=1

R
ST+ Y cqk® M+ gk h(t) < 14y R+ cfh(t) R
k=1 k>R
Taking R = ch(r)'/* and simplifying, we see that
(52) (g() =D < ch(r)

for some constant ¢ = ¢(d, ) > 0 and A(-) as in Lemmal[5.1}

Lemma together with gives rise to a recursive inequality involving
g(+). Solving this inequality, we get an improved bound for g(-), which leads to
the following bound for the " first-passage time 7'(0, x).

PROPOSITION 5.2. For « > d there are constants ¢, C > 0 depending only on o
and d such that for y = log,(2d /a)

c(log(1 4+ 1))7717 (1 + o(1)) — o log||x|| + ¢
ifa € (d,2d),

4d+2 9

log(1 + 1))2(1 + o(1)) — a1
log P(T(0,x) <) < { log2 (log(1 +1))=(1 + o(1)) —alog||x|| + ¢

ifoa =2d,

o (252 1og(1 + 1)(1 + o(1)) — log|[x]}) + ¢
ifa > 2d.

One of the main ingredients in the proof of Proposition is the following
solution of a self-bounding inequality for positive functions.

THEOREM 5.3. Let g(t) : [0,00) — R be a function satisfying

t
(53) 1<g@)<e™ and g(r)“esc(uz’"l /0 g(y)g(r—y)dy)
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for allt = 0 for some constants A > 0, 0 € (0,1), B = 0, and ¢ = 1. Then there
exists a constant cg > 1 such that g(t) < G(t) forallt = 0, where

co(2A1)102220 (log(1 + 1A))lee2/O (1 4 o(1)) if > L,
log G(1) = 1 gz (log(1 + 1#))*(1 + o(1)) ifo = 3.
25 log(1 + tA)(1 + o(1)) ifo < 1.

We will present the proof of Theorem [5.3] followed by that of Proposition [5.2]
and Lemma[5.1] respectively.

PROOF OF THEOREM 5.3l Given (5.3)), we claim that
0((20)k — 1)
20 —1

forallr = 0forall k = 0. When 20 = 1, (26)F —1)/(20 — 1) is interpreted as k.
We prove using induction on k.

The case k = 0 follows readily from our hypothesis. Now assume that (5.4))
holds for k = m. This together with the fact that ¢ 8 is increasing in ¢ implies

t t
[ g(t — »g(y) dy < [(c(1 + B))P@O"=D/CI-DT2 o gmpy / dy.
0 0

Combining this with the inequality in (5.3]) suggests that for all = 0

(5.4) logg(t) < exp( log(c(1 + %)) + Aekt)

; 9
g(t) $09(1 +t’3_1/ g(glt —y) dy)
0

< (1 + 1B (c(1 + 1B))20@D"=D/CO-D ey (3 9my))°.

It is easy to see that the factor multiplied with 18 in the above expression is = 1,
so the above implies

g(t) < 09(1 + lﬂ)e[(C(l + [ﬂ))ZO((ZO)m—l)/(ZQ—I) exp(keml)]e.
Simplifying the expression in the right-hand side we conclude
g(1) < (c(1 +1P))P@N"TI=D/CI=D) expa gmt1y),

and thus (5.4) is true for k = m + 1. This proves the claim (5.4).
Having proved (5.4), we will put suitable values of k there to get the desired
result.

Case 1. Suppose 0 > % The optimal value of £ should be such that the two
terms containing k in the right-hand side of (5.4) are approximately equal. If we
equate them, then we have

2k0k+1
20 — 1

2—1/6)M
2 log(c(1+t#))

log(c(1 + t‘g)) =205 or k= log
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So plugging in kg := [log,[(2 — 1/68)At/log(c(1 4 t#))]] in (54) we have

2—1/0)at \'o=?
log(c(l + tﬁ)))

< ¢y (2)&l‘)10g2(29) (log(c(l + tﬂ)))Ing(l/O)’

— L1og(c(1 + 1BY))

1 < 21100 < 211071
og g(1) t6 t0 ( 291

where logg cg = —1 + log, (1 — 1/(26)).
Case 2. Suppose 0 < % Then letting k£ go to infinity in (5.4)), we have
g(t) < (c(1 + 1P)) =0
Case 3. Finally, we consider the case 6 = % Here we have

k
logg(t) < > log(c(1 + tﬁ)) + A2k

=

< 5 log(e(1 + #)) + A(c(1 + 1By V/B2K,

Similarly to our approach in case 1, we will use a value of k for which the two
summands in the right-hand side are approximately equal. We see that the sum-
mands are equal if k2% = 21(c(1 + t8))/8 /1og(c(1 + t#)). In order to capture
the dominating term, it is enough to choose ko = [log,[A(c(1 + 18))1/B]] to have

1
log2

logg(t) <2- %log(c(l + 18y = 5 (log(1 + t%))2(1 + o(1)).

This completes the proof. g

PROOF OF PROPOSITION[52l Let @ > d be fixed. From Lemmal[5.1]and equa-
tion (5.2) we have

t
5:5) (g(r)—l)“/dsc(r“ /0 ¢t = 1)(g() 1) dy+e—‘”)

for all ¢+ = 0 for some constant ¢ > 0 depending onlyon ¢ and d. Let 0 := d/a €
(0, 1). Combining the fact that g (1)1 < 21/9=1(1+(g(r)—1)1/9) (by the Holder
inequality) with the previous inequality, and noting that 0 < g(y) — 1 < g(y) and
e7% < 1, we have

t
¢ < C (1 e /0 ¢t - »g(y) dy)

for all + = 0 for some constant C > 1 depending on « and d. From Theorem
| we also have g(r) < e* for all t = 0 for some constant A > 0 depending
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on « and d. Therefore, we can apply Theorem with 8 = 1 + « and use the
inequality 1 + 78 < (1 + ¢)P to obtain g(¢) < G(¢), where

ct0222d/®) (1o (1 4 r))leg2@/d) (1 4 o(1)) ifa € (d,2d),

(5.6) log G(t) = %(log(l +1))2(1 + o(1)) ifo =2d,
QXA 160(1 +1)(1 + o(1)) ifo > 2d,

for some constant ¢ depending only on « and d.
Now we use the definition of f(-, -) and Lemma5.1]to obtain

logP(T(0,x) < t) < log f(||x].?)

< ¢ —alog|x|| + log(t“/
0

t

ga—yxaw—lnw+e4ﬁ
< c —alog|x| + %log G(1),

where G(-) is specified in (5.6). Here we used the fact that G(-) satisfies the in-
equality (3.5)) as equality. Plugging in the expression for log G(¢), we get the re-
quired result. U

PROOF OF LEMMA Sl Fix k,t > 0 and x € Z¢ with ||x|| = k. We begin by
estimating P(7°(0,x) < ¢) and then take the supremum over all x with ||x| = k.
Let N(x) be the number of edges in the optimal path joining 0 and x. Breaking in
terms of the magnitude of N(x), we have

]P’(T(O,x) < t) < IP(T(O,X) <t, NX) > at)
+ P(T(0,x) <1, N(x) < at),
for any a > 0. We first show that for b as in Lemma and any a > e - b, the
first term in the right-hand side of (5.7) satisfies

5.7

a
P(T(0.x) <t,N(x) > at) < — e —atlogla/eb) gy~
(TO.x) <1.NG) > at) < go—p Il
Let Nj be the number of self-avoiding paths between 0 and x that have k many
edges and passage time at most . Using the union bound and then the Markov
inequality, we obtain

oo

P(T(0.x) <t.Nx)>at) < Y PNg=1)
k=at
o
< Y EWMN)
k=at
00 k
(5.8) <> > ]P’(Z Wi 1xi) < z).
k=at x0=0,xx=x i=1

X 5eees Xk_IEZd
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In order to estimate the summands we invoke Lemma 2.1]to have for any 6 > 0

k k
P(Z Wixi_ixi) S t) < bk l_[”Xi —x;—1]7%.

i=1 i=1
Using this bound for the summands in (5.8)) and applying Lemma [2.5|for the inner
sum, we see that

[e.¢]
P(T(0.x) <t.N(x) >at) < Y e”07FpF x|
k=at
= b7 (b/6)* x| /(1 = b/6)
for all 8 > b. Taking 6 = a > eb we have

(5.9 P(T(0,x) <7, N(x) > at) < b(a—_b)e—atlog(a/eb)“X”—a‘

To bound the second term in the right-hand side of (5.7)), first note that if a vertex
self-avoiding path between 0 and x of length (i.e., number of edges) at most at
exists, then it will contain at least one edge shared between two vertices at distance
> [|Ix||/at] from each other. Then by the Markov inequality we have

P(T(0,x) <, N(x) < at) <
> P(T(0,%1) + Wix,xo) + T (X2, %) < 7).

X1 ,XQEZ“'
Ix1—x2[I=[lxll/at]

Recalling that the density of Wi x,) is at most ||x; — x2||™* < ||x[|~*(az)* when-
ever ||x; — Xz || = [||x||/at], the right-hand side of the last display is

t t—s
< X [arpaosy<o) [ PTean <@ d.

X1 ,X2€Zd

By taking the sum inside the integral, the above equals

t t—s t t—y
I (ar)® /0 dg(s) /O g)dy = x|~ (an)* /0 ¢(») /0 dg(s)dy

after changing the order of integration. Hence, we conclude
t

(5.10) IP(T(O,X) <t NEx) < at) < ||X||_°‘(at)°‘/0 g (g —y)—1dy.

Combining (5.7), (5.9), and (5.10), with @ > eb and § = alog(a/eb), we finally
have

t
P(T(0.%) < 1) < cl}x]| ™ (r“ /0 ¢t = )(g(y) = Ddy + e—‘”)

for some constant ¢ = ¢(a,d) > 0 forall x € Z4 \ {0}, 1 > 0. 0



236 S. CHATTERJEE AND P. S. DEY

6 Stretched Exponential and Exponential Growth Regimes

In this section, we will put the necessary pieces together and complete the proofs
of Theorems [I.4] [1.3] and [I.3] (in that order). As before we will work in the case
when L(k) = 1, so that r(k) = k™% for k = 1. Proof for the general L(-) is
similar as explained in Section 5]

6.1 Proof of Theorem 1.4

The probability estimate in Proposition suggests that if ¢ > 0 is large
enough, then

(6.1) lim P(T(0,x) > c(log|x|)?) = 0.

lIx[|—o00
Now for any ¢ > 0 and any x satisfying ||x|| = Lexp(tl/A—g)J’
P(log D; < tY/2~%) < P(T(0,%) > 1)
< P(T(0,x) > (log|x|))2/(1=&2)),

so using (6.1)) gives us lim; o P(log D; < t/A7¢) = 0 for any & > 0.
On the other hand, the probability estimate in Proposition [5.2] suggests that

P(T(0,%) < (log[x[)**) < exp(—e log|[x||(1 — ¢(||x]))),
where ¢ is such that lim; _, o, ¢ (/) = 0. Hence,

Jim P(T0.%) < (log|lx|)2~*) = 0,
X|[— 00

and using the union bound yields

P(log D; > t'/2%%) < > P(T(0,x) < 1)

x:||x||=exp(z1/A+¢)

< Z cdkd_1 exp(—a logk(1 — (p(k))).

k:k=exp(tl/A+e)
By the property of ¢, if ¢ is large enough, then the above is upper bounded by
Z ¢ kd—1-(@=8)
k=exp(t!/Ate)

for any given § > 0. Since ¢ > d, the above series is convergent for small
enough §, which implies lim; o0 P(log D; > t1/A+€) = 0. This completes the
proof of the theorem. U
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6.2 Proof of Theorem[1.3

The probability estimate in Proposition {.1[b)| suggests that if ¢ > 0 is large
enough, then

lim P(T(0.x) > cexp(2y/2d log2log|x|)) = 0.

Ixll—o0

Now for any ¢ > 0, ¢ < 00, and for any X satisfying

Ix|| = Lexp((1 — )(log1)*/ (84 log 2)) ],

1—
]P’(log D; < (Sd 10;:2(105; t)z))
<P(T(0,x) > 1)

< IP’(T((), X) > cexp(2+/2d 10g210g||x||))
provided ¢ is large enough. This together with the bound of Proposition [4.1{(b)|
gives lim; oo P(log D; < (1 —&)(logt)?/(8d log2)) = 0.
On the other hand, the probability estimate of Proposition suggests that

we have

P(T(0,x) < exp(v/(d — &) log2log||x||/ (4d + 2))) <
c exp(—(d + ¢) log|Ix])),

and soif we let C(d,¢) = (dids—)_'_lggl and use the union bound, then

P(log D; > C(d, ¢)(log?)?)
< 2. P(T(0,%) < exp(Vlog|[x[[/C(d,e))
x:[|x[|Zexp(C(d,&)(log £)?)
< Z cdk”l_1 exp(—(d + &)logk) — 0
k=exp(C(d,e)(logt)?)

as t — oo, as the above series is convergent. This completes the proof of the
theorem. g

6.3 Proof of Theorem
As in the proof of Theorems [I.4] and [I.5] we will use Lemma [5.1] to find a
lower bound for 7'(0, x) and multiscale analysis to find a matching upper bound.
Using Theorem under the assumption that r(k) = k=4 L(k), k > 1, with
J7° x71L(x)dx < oo, we have
gt) :=E|B| <M, 121,
for some A < co. Combining this with the result from Lemmal[5.1} we have
P(T(0,x) < 1) < cr(|x|)h()
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where .
h0)i= 17 [ gt = 1)) = Dy +e7 < e
for some b > 0. Hence, for (z)my g €(0,1), we have
P(T(0,x) < (d —&)/blog|x||) < cL(Ix])lIx]~*

for all x € Z4 \ {0}.
For the upper bound on 7'(0, x), we will use multiscale analysis to construct a
path that achieves the log||x| lower bound. We define the function

Jx
) = 1/d 1/2d°
L(x)"/%(log x)
The choice of this function is not arbitrary and is almost optimal as seen from the

arguments below.
Using this function, as done in (4.1]), we construct a path 77 (x) from 0 to x. where

fo=mnand f; = f(fi—1)fori =1,2,.... Using (4.3) we have

x =2.

k
A=c Y 27N £ L(fion) + 2 Sy

i=1

k
= ¢y 27'L(fi-1)log fi1 + 2* fi,

i=1

do= [ max £, 72 L]
=1+ max L(fi-1)log fiea] P =e).

Now it is easy to see that nl/?" < fi foralli = 0. If we can show that

(6.2) fi<n? iz,
for some ¢ € [1, 00), then we have 2/ ~ logn/log f;_1,i = 1, and hence

k
1
A~ ) ——
(c;L(f 1)+10gfk

as fAAc x~ldx = loge and [{°x7'L(x)dx < oco. Then we are done by @.4).
We claim that (6.2) holds when

© —log L(x)
/1 x (log x)?

)logn = O(logn)

dx < oo.

We have
log f; 1 2log L(fi—1) + loglog fi—1
(1/2)log fi—1 dlog fi—1 '
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Thus (6.2)) holds when
k

Z —log L( fi—1) + loglog fi—1
log fi—1

is bounded by a finite constant independent of n. Note that 2k ~ logn. Now

/AC dx 1= ¢!
4 x(logx)2  logA

and the proof follows by induction on i. We leave the exact calculation to the
interested reader. The lower bound on E|B;| follows by comparison to LRP as
given in [|52] theorem 1.1(b)]. O

i=1

7 Superlinear Growth Regime (Proof of Theorem (1.6)

As before, for simplicity we will restrict ourselves to the rate function r (k)
k= k = 1, where @ € (2d,2d + 1). It follows easily from Proposition
that there is a constant ¢ > 0 such that P(7°(0,x) = t||X||°‘_2d) < e~ for all
large enough. This in turn implies that

lim P(log Dy < (1/(c —2d) —¢)logt) = 0.
t—>00

~

For the other direction we will prove using an induction argument that there is a
constant C = 1 (to be chosen later) and a recursively defined sequence (yx, k = 0)
(see for the precise definition) satisfying

(7.1a) (Yx)k=0 1s decreasing,
1
(7.1b) Vi > for all k,
o —2d

(7.1 S

.1C — -,

Yk a—2d 2
so that
(7.2) lim P(B; € B(0,Ct¥%)) = 1.
t—>00

Then, choosing k large enough so that y; < 1/(¢ — 2d) + ¢ and applying (7.2),
the proof of the theorem will be complete.

To emphasize the dependence on «, if necessary, we will use the notation
T("‘)(-, -), Bga), and Dga) instead of T(-, -), By, and Dy, respectively, when
the rate functionis k=%, k = 1,.

In order to initiate the induction argument for ([7.2]), we will use the probability
estimate of Proposition[5.2]for « € (2d,2d + 1). Keeping that in mind, we choose
and fix any yg satisfying

a(l +a)/(a—2d)
a—d-—1 ’

(7.3) Yo >
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Now note that if B; Z B(0,¢7°), then there is at least one x with ||x|| = #¥° such
that 7'(0, x) < ¢, so using the union bound leads to

P(B; €B0.07°) < > Y P(TO.x)<1).

k=t70 x:||x||=k

Applying Proposition [5.2] for @ € (2d,2d + 1) to bound the summands of the
above display and noting that |{x : ||x|| = k}| < ck91,

P ZBO.)S ) ck‘zexp(ogl_—za)

7 log(1+1¢)— (¢ —d — l)logk)
k:k=tY0

a(l +a) 1+1¢ 5
< 1
cexp(a_zd og ; ) Z k=0
k:k=tY0
as t — oo. The last inequality follows from the bound of yg(e —d — 1) > “(I_Jra)
in (7.3) and the fact that logk = ypglogt for all the summands. Thus, (7.2) holds
fork = 1.

Now suppose vy, has been defined and (7.2) holds for k = m. In order to choose
Ym+1 < Ym S0 that (7.2) holds for k = m + 1, first we estimate the length of the
longest edge used in the LRFPP process by time ¢ under our induction hypothesis.
Observe that on the event {I3; < B(0, Ct¥™)}, for any § > 0

min{ Wy ) : X € B,y & B(x, 1%)} stochastically dom-
inates min{Wy ) : x € B(0, C1¥),y & B(x, %)},

which in turn stochastically dominates an exponential random variable with rate

Yo Ix=yIT = BO.CM Y DT u™

X€B(0,CtVm) y&B(x,t%) k=t8 u:lull=k
< Cty”’d Z kd—l—oz < Ctymd—S(oc—d)

k=té

for some constant ¢ > 0. Therefore, using the inequality 1 — e~ < x we have

(74) P({min{Wyy) : x € Br,y € B(x,2%)} <t} N {B, S B(0,Ct")}) <
1 _exp(_ct1+}/;nd—5(a—d)) s ctl-i—)/md—B(ot—d).

Now if By € B(0,Ct?) and Wiy, > ¢ forall x € B; and y ¢ B(x, 1%), then all
the edges belonging to the optimal path joining 0 and x € B; must have euclidean
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length at most 18, Hence for any 8 > «, x € B; implies

1= T®(0,x) = inf > el we

. )
wePox:|le||<t°Veen een

> inf le||Br=8B=0),,

=

. ]
nePyx:llel|<tdVeen cen

> 173670 inf Y e we = 1T5EITB) (0, %),
(S

T EP
0.x e

which in turn implies x € BE’? J)r s(8—a)- Lhis shows that if we let

Ym+1:=1+8(8 —a),
then 3; € B(0, Ct¥m+1) on the event

{B; CB(0,Ct")} N {Wyy) >t Vx € Brandy ¢ B(x, %)}

(7.5) :
n {Bl(‘fis(ﬁ—a) g B(O, C[1+8(ﬂ Ot))}

for any 8 > «.
Now we choose 8 > 2d + 1and § > (1 + y;d)/ (¢ — d) so that

Ym+1:=1+6( —a)

7.6) 1 d
( =1+M(2d+1—a)+
o—d

We also choose C = 1 such that lim;— P(Bfﬂ) C B(0,Ct)) = 1. Proposition
[8.2] guarantees the existence of such a C. Simple algebraic manipulation confirms
that {yx }x>0, as defined in the last display, satisfies (7.1). Combining (7.4), our
induction hypothesis that holds for k = m and our choices of § and C, the
limit of the probability of the event in (7.5) is 1, and hence

lim P(B; € B(0, Ct¥+1)) = 1,
t—>00

e(d+ )(e—2d)
2 a—d )

which completes the proof of the induction argument. 0

8 Linear Growth Regime

In this section, we consider the case of fixed « > 2d + 1. Let B(u, r) denote the
euclidean £oo-ball of radius  around u € R?. In order to establish linear growth
for the LRFPP balls, we will show that for any fixed n € (0, 2),

T (z,w)
— >y >0
2,weB(0,n):|lz—wloo=nn [|Z — Wl|oo

with high probability, where the constant ¢; does not depend on n. For that we
need the following lemma.
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LEMMA 8.1. Ifa > 2d + 1, 8 € (0, 1), and c1, ¢; are any positive constants, then
P(Wiawy = c1n forallz € B(0, con) and w Q’B(z,ne)) > 1 — Ccpdti-fe=d)
for some constant C > 0.

PROOF. Note that for any fixed z € Z¢, the random variable min{ Wiw) | W &
B(z,n%)} is exponentially distributed with rate

Yool s Y ek < end,
u:|luflco=n? k=n?
and hence the random variable min{ W,y | z € B(0, c2n), w ¢ B(z, n?)} stochas-
tically dominates an exponential distribution with rate |B(0, con)| - cn?@=®).
Therefore, using the inequality 1 — e™* < x and the fact that [B(0, con)| < cn?
we have

P (min{W,yy : z € B(0,c2n), w gZB(z,nG)} <cin) <
1 — exp(—|B(0, con)| - cn®@=9 . ¢1n) < cpfd—0+d+1
for some constant C > 1. U
Lemma(8.1|ensures that if 6 < 1 is sufficiently close to 1, then with high proba-
bility none of the edges, which have £oo-length more than O(n?) and have at least
one end in an £,-ball of radius O(n) around 0, will be a part of the optimal paths
that start from 0 and have passage time O(n). This observation plays a crucial role

in proving linear growth for the LRFPP balls when « > 2d + 1. We now use this
key observation to produce a linear lower bound for 7'(x, y).

PROPOSITION 8.2. Forany a > 2d + 1 and n € (0,2), if ¢ > 0 is small enough,
there exist constants ¢(n), C > 0, such that

P inf M > C(n) >1-— Cn—(a—Zd—l—s).
2,weB(0,n):|z—wlleo=nn [|Z — Wl|oo

PROOF. Using an induction argument we will prove that there are constants
e,k > 0 small enough, §,0 € (0,1), ¢; :== 57+ 3d + 6, and £ € N large enough
such that if £,,, := £1/9" form = 0 and if

T
8.1) dk::{ inf Te@w M]‘[l—e,, }
2WEB(0,1T): lz—wll oo =1 s 1z - wloo i
then for all k = 0,
(8.2) P () < C(pe, @ 2471729

for some constant C. The choices for all the parameters will be specified as we
proceed through the proof. Once we prove (8.2)), the proposition will follow by

taking k such that €1/6" = m and c(n) == L1721 - enli ™).
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To prove (8.2) for k = 0 we use uthe nion bound and Proposition with
T(0,x) replaced by T'(z, w) and ¢ replaced by ||z — w||£‘8 to have

. g—S (1+a)/(x—2d)\ @
Pl < 3 (G- )

7Z—W
2,weB(0,£1 1K) |lz—w| 0o =¥ ” “

E(1+K—8)(1+(¥)/(a—2d) o
< c(n)(zﬁl-ﬂc)zd . ( ) )

14

as there are at most (2¢11% )2d terms in the above sum. Simple arithmetic shows
that the exponent of £ in the right-hand side of the last display is (2d + 1 + ¢ — «)
if we take

(14+e—-2dr)(@—2d)
Bl ala+1)

(8.3) d: =1+«

Thus is established for k = 0.

Now suppose holds for k = m; we will show that it holds for k = m + 1
as well. Fix any x1,y; € B(O,K,ln‘tr’cl) such that ||X;1 — ¥1|loo = n€m+1, and let the
optimal &-path joining x; and y; be 7 € P, y,. We will bound W = T'(x1,y1)
from below. It is easy to see that if

Fint1 := {(zw) : z € B(0, 46;1—:_K1),W & B(z, lm)},

Hptr = {eerlr;;nH We = 20,41,
then 7 N Fp, 11 = @ on the event Hyy 41, a8 ||X — Yoo < 25,1,[1"1.

For the remainder of the argument we will assume that H,,41 occurs. In that
case, all the edges that belong to 7 and have at least one of their endpoints in
B(0, 4£,1ntfl) must have {oo-length smaller than £,,. Our plan is to divide the £ -
ball B(0, 4E,1nt"1) into smaller disjoint £c-balls having radius £} and study the
contributions of the segments of 7 restricted to those smaller balls to W;;. In order
to do so, let

Om = O A4 Umg1 /L)' T +2i = 1:1 < i < 4Emg1/lm) Y,

Ep = L3 A=4ma1 /bn) T+ 20 10 < < 4Ung /lm) ¥},
and based on these we define the index sets

Im == (Om)?. IY = (Em)?,
T€ = (0)f ' X Ep x (Om)? 7%, 1<k <d.

We also define the corresponding collections of disjoint balls & = {B, =
B(u,£:4%) :u € Iy} and B* = {BF = B(v.£}+ <) :ve Ik} for0 <k <d
(see Figure for a pictorial description of one element from each of the collec-
tions B, B*, 0 < k < 2,in case of d = 2). It is easy to see that each of the

collections of disjoint balls %, B, 0 < k < d, covers B(0, 4@,1,11"1). But the
reason behind considering more than one such collection is to make sure that the
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FIGURE 8.1. Pictorial description of the balls in 4, B* 0 <k <2,
in case of d = 2. Here the balls By, = B(u,{,*) € # and B,, =
B(uy, £1+9) € % k = 0, 1,2. Boundary of any ball is in the interior
of another ball.

path 7 spends enough time going through the bulk of one ball or the other rather
than staying close to their boundaries. By the choice of the collection of smaller
balls, any segment of 7 that stays close to the boundary of the balls in % must pass
through one of the balls in P for some 0 < k < d.

Ifu,i € I, and |Ju — t]lo = 2£11%, we say that B, and By are neighboring
balls. Similarly, B¥ and BX will be called neighboring balls if v.¥ € % and
[V —Vlloo = 2£1%. Assuming Hp41 occurs, each of the edges of 7, which have
at least one endpoint in B(0, 4E,1ntr"1), can either stay within one ball By, (resp., Ef )
or go from a ball By (resp., E"f ) to one of its neighboring balls Bg (resp., Eé‘ ).
Now there are two possibilities for 7: either it goes out of the ball B(0, 4¢ ,lnt"l) at
some point, or the entire path remains inside B(0, 46,11;"1). In the first case, in view
of the last observation, if (zw) € 7 is the first edge while traversing along 7 from
X1 to y; such that z € B(0, 45,1111"1) and w ¢ B(0, 46,1;;"1), then ||z — Wlloo < €m
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and hence

X1 = 2lloo = X1 = Wlloo — 1z = Wlloo = (3¢, = €m) = IIx1 = ¥illoo,

as |X1 — ¥1lloo < Erlnt"l In the second case, we obviously have ||x; — ¥1 oo =

Nem+1. So, in both cases 7 must have a segment 7 = (x---y) that stays within
B(0,4¢,"%) and satisfies | T]loo = [|7]loc = nlm+1-
Foraball B e U Ui:o Pk and Z, W € B, let Tg(z, w) denote the minimum

passage time over all paths that join z and w and stay within B. We say that such a
ball B is good (resp., bad) if

Tp(z,w) mt
(8.4) inf R > (resp., <) 070 [T (1= en ).

2WeB:[lz=Wllco>nlm |12 — Wlloo Pl
Recalling the definition of || || for an & -path 7, we will see the following:

LEMMA 8.3. Ifthe events Hy, 1 and

Lyt = {numbers of bad balls in % and @k, 0<k<d,

are at most ||x — y||oo€;l(1+2")}

occurs, then the path T = (x---y) obtained as above contains disjoint segments
{ﬁi = (Zi "'Wi)}izl such that

e cach 7; stays within some B; € % U Ulil:o B* such that B; is good

according to (8.4),

o |7Tilloo = nlm foralli, and

o > ix1 ITilloo = 17T lloo(1 = cyt,)) for ¢y > 0 defined at the beginning of
the proof of Proposition 8.2

We postpone the proof of Lemma 8.3}, first we will see that this lemma provides

a lower bound for W, by bounding > j=1 IB;(zj,wj), which will enable us to
conclude

(8.5) o

m+1 2 Hm+1 N Lm+1-

By the properties of the path segments {77; = (z; ---w;)} in Lemma and the
definition of good balls in (8.4), it is easy to see that

m—1
We =Y T, (2. w) =70 [T(1—enl®) D Mz — Willoo
k=1

j=1 Jj=z1
m
1_[ 1_Cn£k X —¥lloo

on the event Hy4+1 N Ly+1. Since ||x — ylloo > |IX1 — ¥illeo and X1,y1 €
B(O,Zrlnt_’cl) were arbitrary vertices satisfying ||X1 — ¥1lloo = 7€m+1, the above

inequality justifies (8.3).



246 S. CHATTERJEE AND P. S. DEY

Thus, in order to complete the induction argument, it remains to estimate
P(Hp+1) and P(Ly,+1). On one hand, in view of Lemma 8.1}

(8.6) P(Hpy1) = 1— ngillc)(d—i-l)—&(a—d).

On the other hand, our induction hypothesis for k = m suggests that B €
2 is bad with probability < C K,;(a_Zd_l_zg), as Tg = T for every argument.
Also, it is easy to see that if {B;} is a collection of pairwise disjoint balls, then
the events {B; is good} are independent. Since |I,,| = 49 ﬁf,:/ 9_1)(1+K)d, th
expected number of bad balls in £ is

< 4d€’ci(l+x)(1/9—l) . Ce;l(a—zd—l—Zs)'

e

If we choose ¢, 6 > 0 such that
d

oa—d—¢

&

8.7 8|:2+ i|$oe—2d—1 and 0=1-—

a—d
for small enough « > 0, the exponent of £, in the upper bound for the expected
number of bad balls among {By : u € [} is

d(l4+x)1/0—1)— (¢ —2d —1—-2¢) < 1/0 — 1 — 2.
So, if we take N = 49 (L,y11/L)? ) and p = nﬁ,l,,/e_l_ZK/3N, the number
of bad balls in & is stochastically dominated by the binomial(N, p) distribution.

Now using a standard large deviation argument for the binomial distribution and
recalling that ||X — ¥||co = n€m+1, We have

P( Y Ligyisay > Ix =Yooty T2) < P(Binomial(N. p) > 3Np)
el < exp(—Np(3log3 —2))
= exp(—n(log3 — 2/3)¢{}/0=1720),
The same estimate holds for the number of bad balls among {Ef cvel ,’,‘1} for
each 0 < k < d. Thus by the union bound,
(8.8) P (LS4 1) < 3exp(—n(log3 —2/3)¢L/6-1726))
Combining (8.3), (8.6), and (8.8) if « > 0 is small enough, then
P(Fipt1) < Cgfr}illc)(d-‘rl)—@(a—d) < Cz—(a—Zd—1—2s)

m+1
by the choice of . This proves (8.2) fork = m + 1. O

In order to complete the proof of Proposition [8.2] it remains to prove Lemma

8.3

PROOF OF LEMMA B3] Recall that 7 = (x---y) € B(0,4¢,t%) and | F||oo =
Nlm+1. Let {Bg, }i>0, U; € Iy, be a sequence of balls such that By, is a neighbor
of Bg,_, fori = 1,x € By, and fori = 1 the path 7 enters By, after exiting from
Bg, _,. We can think of { Bg, };>0 as a trajectory of a nearest-neighbor random walk
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that takes its values in Z. If a ball By is bad according to (8.4) and if it appears
more than once in the sequence {Bﬁj }, then we remove the loop created by the as-
sociated random walk at By. So a bad ball can appear at most once in this sequence.
Abusing notation, we write { B, } for the loop-erased sequence. Suppose 7 enters
Bg, through X; and leaves it through §;. So (X; ---¥;) is a segment of 7 staying
within Bg, whenever By, is good, otherwise (X; - --¥;) may not be a segment of 7.
Also, let {u;; }J be the subsequence of {u; };>¢ such that for each j the portion
of 7 within BA does not stay within B(X;;, 7{y,). To simplify notation, we will
write (u;,X;, y]) instead of (U;,,X;,.¥;;). andyo = xand x; 41 =Y.

We say that the segment (X; ---y;) is admissible (resp., inadmissible) if Bg,
is good (resp., bad). In the same spirit, the segment (y; ---X; 1) will be called
inadmissible if it contains a segment of the form (X, - - -y ) that is not admissible;
otherwise (y; ---X;41) will be called admissible.

An admissible segment (X; ---y;) will be called short if the entire segment re-
sides within B(X;, %E,ln""‘), otherwise we say that (X; ---y;) is long. In the same
spirit, an admissible segment (y; ---X; 1) will be called short if ||y; —X;1]o0 <
2, otherwise we call it long. Instead of the entire sequences {X; }J.Jill and
1y; }]J o» We need to consider the following subsequences {X;, }IL +11 and {y}, }IL o
We define {j;} along with disjoint sets £; € N, —1 < i < 5, inductively starting
with jo := 0 and £; = &. Having defined j;:

1. Scan through the segments (y;, ---Xj,+1), (Xj;+1--¥j,+1), (¥j,+1---
Xj,+2), - .., sequentially.

2. If (ijl_,_k “++¥j,+k) is inadmissible for some k = 1 and all previous seg-
ments are short, then we let j; 11 := j; + k. If |y;, —Xj,,ll0 = 1lm,
then we include / in £_;; otherwise we include / in Lgy. Then we go back
to step 1 with / replaced by [ + 1.

3. If (¥j,4k—1 """ Xj,+k) is the first long segment for some k = 1, then we let
Ji+1:=Jji +kand j;:= j; + k — 1. In addition:

(@) If[[¥j, =¥j;lloc = nlm, then we include [ in L1; otherwise we include
[ in Ez.

(b) If jiy1 = J + 1, then we let L = [ and stop; otherwise y;, ,, is
defined and we go back to step 1 with / replaced by / + 1.

4. If (Xj, 4k - ¥j,+k) is the first long segment for some k > 1, then we let
Ji+1 := Jj1 + k. Here we also include / in L3 or L4 depending on whether
1¥j, —Xj, 11 | = ném or not, and we go back to step 1 with / replaced by
[+ 1.

5. If for some k > 1 all the segments (Y, +k/—1 - Xj,+k), | <k’ <k, and
(Xj, 4k ¥j,+k)» | k' <k, areshortand j; +k = J + 1, then we let
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L =1and jp+1 = j; + k. If||y;, —Xj, |l = nlm, then we include L
in L£;; otherwise we let L5 := {L}.
To simplify notation, we write (X;,y;,u;) instead of (X;,,y;,.u;,) and I instead
of jy.
Having defined {xl}lL=+11 and {yl}lL=0, note that if [ € L4, then (X741 Y7+41)
is a segment of 7, and it has a subsegment of the form (X;4---X;41) such that
X1 = Kis1lloo = 30 Soif [La] =[x = ¥lloo/ g€y, then

D 41 Fig 1) lloo = 1% = Ylloos
lely

and hence the segments {(X;+1---X;+1) : [ € L4} fulfill the criteria of Lemma
Otherwise, if |L4] < [|X — Y|l oo/ %E,l,f" , then using the triangle inequality and
noting that yp = xand x;, 41 =Y,

> lx—villeo

I€L_1ULy
5
> x=¥loo— > D i —Xit1llo— Y. % —¥iloo
i=—1lel; leL_1ULy
> Ix = Ylloo = D (Ily: = ¥illoo + Y7 — Xi41lloo)
lGL‘,]

— (1 4 | Lol + 41X — ¥]loo/€LF5)

- Y sl — Y. % —Villeo

leL_1ULLULS leL_1ULy

It is easy to see that |[£_1| + | Lo| < ||X—y||oo€;1(1+2'<) on the event Ly, 41, and
hence

Y Ix = ¥illoo < X = ¥llooly T2 - 2005
leL_1ULy

Also recall that [|X — ¥|loo = nlm+1 = nliT* if k > 0 is small enough. So if we
define

M= {(yr - Xpq1) 1 L€ Ly UL U L3y ULyr---y7), (Y7 Xi41) - L € L},
then the inequality in the previous display reduces to
(8.9) Y% = Yilloo = X = ¥lloo[1 = B+ 506, = D |7 oo
I€L_1ULy well
Now we focus on the segments in IT. We claim that each segment 7 € TT

(a) satisfies || ||oo = nlm, and
n
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(b) (assuming that the event Hy,4+1 occurs) stays within £.o-distance %ﬁ}n‘“‘
from the boundary of some of the balls in .

To see that (a) holds, note that by the definition of L,,

Y1 = x141lloc = ly7 = Xi+1lloc — ly1 = ¥7lloo = 20lm — 1lm = nlm.

The facts that [y, X/ 41 o = 7€ for ] € L3UL1 and [[y;—¥illoo, IlY7—X+ 1100
= nly, for I € L, follows trivially from the definition of £;. To see that (b) holds
observe that if Hy, 1 occurs, then by the definition of {x; } and {y; }, each x; and
y; stays within £..-distance {,, from the boundary of some ball By, and by the
definition of IT any segment of the form (x; ---y;) that is a part of 7 € IT must lie
within B(x;, 3 £5,9).

It is easy to see that by properties (a) and (b) of the segments in I1, any 7 € I1
should consist of path segments {7; };>1 such that each 7; satisfies ||7T;||co = 1€m
and stays within one of the balls E"f forv € 7,’,‘1 and 0 < k < d. But we need
to discard those segments that belong to bad balls. In order to do so, for each
7 € I1 we determine the associated loop-erased sequence of balls {B;}, as we
did in the beginning of the proof. Then, segregating the portion of 77 within the
bad balls among {B;} 7 can be written as # = 7{ #{17{ .- such that {friI bi=1
are inadmissible segments, whereas {J?A},>1 are admissible ones. Separating the

segments {J?l- I TL'A | = nlp} from the rest and using the triangle inequality,

PO DR L

relliz1:||z1||=nlm

> N7 lloo — |[{BE : ve Ik.0 <k < d.Bf isbad}| - (205, + 2nLp).

mell

So, on the event L, the above inequality reduces to

> > 17 |0 =

rgellizl:||73| o =ntm
ST RN = (d + DX = yllooly, 1T 303,

mell
Combining this inequality with (8.9),
8100 Y Ix—¥illeot+ Y > |74] =
I¢L_1ULo zelliz1:||7| o =ntm
Ix = ¥lloo (1 — cn).

Now by the definition of {x;} and {y;}, it is clear that for /| ¢ L£_1 U Ly either
IX; — ¥illoo = n€m or (X; ---y;) has a subsegment of the form (x; - - -X;) such that
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[X; —X;lloo = Nlm. So if we define the subsegments {77; };¢,_,ur, of 7 by

ﬁl = .
(xg---yr) it Ix; = yilloo > nlm,

then clearly |7 ]oo = 7m and ||7T; ||co = ||X; — Y1 |lco. Combining this with (8.10)
we see that

(A= 1|78 = nlm R e M UR 11 & Loy U Lo}

1

fulfill the requirement of this lemma. 0

Before proceeding further, let us mention an immediate corollary of Proposi-

tion

COROLLARY 8.4. For a > 2d + 1 and x € 7% such that |x|ec = n, with
probability 1 — o(1) the optimal path joining 0 and x stays within B(0, Cn) for
some large constant C.

PROOF. Using Lemma[8.5(c)|below P(T'(0,x) > ¢||x[|oc) = 0(1). If T(0,x) <
cn, Lemma suggests that there exists 8§ € (0, 1) such that for any constant
C < oo the optimal path does not contain an edge having length more than n?
and one end in B(0, Cn). So if the optimal path goes out of B(0, Cn) through
y € B(0, Cn) for the first time as we traverse along the path starting from 0, then
with probability 1 — o(1), ||¥|lec = Cn — n? and T(0,y) < cn, which event again
has probability 1 — o(1) if we choose C large enough. O

Proposition [8.2] ensures that if « > 2d + 1, then with high probability the first-
passage metric 7'(x,y) grows at least linearly in ||x — y||. For the other direction
we have the following lemma.

LEMMA 8.5. Letx € Z% and o > 0. Then:
(a) T(0,x) is stochastically dominated by ZEIXIII E;, where the {E;} are i.i.d.

and the common distribution is exponential with mean 1.
(b) E(T(0.x)) < [x|.
(c) Forany A > 1, P(T(0,x) = A|[x]) < exp(—(AlogA — A + D)||x])).

PROOF. Note that (b) follows from (a) trivially. (c) follows from (a) by using
a standard large deviation argument for exponential distribution. To see that (a)
holds, note that if 7 € Py x consists of ||x|| many nearest edges, then for any o,

W 4 Z,"i”l E; and T (0, x) is stochastically dominated by W. O
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Combining Proposition [8.2] and Lemma [8.5] with Liggett’s subadditive ergodic
theorem [40] and a standard “denouement” argument described in [23], p. 17], we
get the “shape result” for LRFPP with & > 2d + 1.

PROOF OF THEOREMI[LZL For x € Z4 and m,n € 7 such that m < n, let
Xm.n = T(mx,nx). Then, from the definition of 7'(-, ) it is straightforward to
check that

(1) Xo,n < Xom + Xm,n whenever 0 <m < n,
(i) the joint distribution of { X, ,,+k,k = 1} does not depend on m, and

(iii) foreach k = 1, { X,k (n+1)k. " € Z} is a stationary process.

Also, using Lemma [8.5(b)l E(Xo,,) < n||x||. So, applying Liggett’s subadditive
ergodic theorem (see [40, theorem 1.10])

(8.11) if u(x) := inf, L E(T(0,nx)), then lim,_ o0 %T(O, nx) = w(x) a.s. provided

n

(8.12) foreachk > 1, {Ynk = Xpk,(n+1)k Jnez is an ergodic process.

We postpone the argument for (8.12)) towards the end of the proof; now we will
see the consequence of (8.I1)). First note that if ¢ > 0 is chosen small enough,
then by Proposition we have P(T'(0,nx) = cn) — 1 for any x € Z4 \ {0} as
n — 00, SO

E(T(0,nx)) = cnP(T(0,nx) = cn) =c/2

for all n large enough, which ensures (x) > 0 for any x € Z< \ {0}.
We extend the definition of () to the whole of R4 using the standard proce-
dure, which we mention here for the sake of completeness. For y € R4, let

T0,y) = min T(0,x).
x€Z4:ly—xllco<1/2

In view of (§.11), if y € Q¢, then for any m such that my € Z¢,

.1 1
p(y) := lim —T(0,ny) = —u(my) as.
n—-oon m

Finally, using subadditivity and Lemma it is easy to see that, for any x,y,
|T(0,x) — T'(0,y)| is stochastically dominated by a sum of [n]X — y||co| many
i.i.d. mean 1 exponential random variables. This together with Lemma [8.3(c) and
the Borel-Cantelli lemma implies

ux) = ylg)ri w(y) exists for all x € R? and 1 (x) > 0 whenever x # 0.
yeQ“

In addition, using Lemma we once again have Y. ;4 P(T(0,x) =
AlIx||) < oo, which implies

(xeRY: |X]loo <t/A} S {x e R : T(0.x) <1}
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for large enough A. Combining the last two displays, we are in a position to apply
the Denouement argument (see p. 17 of [23]]) and conclude the “shape result” with
A={xeR?: ux) <1}

Therefore, in order to complete the proof of the theorem, it remains to show
®T12). Fix x € Z9, k = 1, and let v denote the law of the infinite vec-
tor (Ynk)nez and ¢ be the measure-preserving transformation on R% defined by
(pw)r = wg+1. In view of [54, theorem 1.5], it suffices to show that for
any two events A, B satisfying v(A4),v(B) > 0, there is an n € N such that
v(A N e "B) > 0. To prove this assertion, we fix ¢ > 0 and choose &,/ large
enough so that there exists 4;;, B;; € J{Yfk, Yl‘kﬂ, cee, Ylk} satisfying
(8.13) V(AAA; ), v(BAB; ;) <¢/4,
which implies

[v(ANe™"B) = v(4;: N e™"Bj)|
(8.14) <v(AAA; ;) +v(e "BA¢ "B} ;)
< v(AAAjJ) + v(BABj,l) <¢g/2,
as ¢ is measure preserving.

Next we see that applying Corollary we can have L = L(J,[,¢) large
enough such that

v(QjLJ) >1-—2¢/8,

where

1
Wiaw) | 2w € B(( = j)x/2, L)}}.
Then it is easy to see that

(A, 0v(e ™" Bjr) —v(Aju N QE(e "By NQE, )] < e/4,

QJLI = {Y-k, —Jj < i <1, is determined by the edge weights in

and if n is chosen large enough depending on L, then 4;; N QjL’l and ™" B;; N

L .
Qj . l—n AT€ independent so that

[v(4j0 N @™ Bj) = v(Ajs 0 Q7)v(e7" Bia N Q7 )| < /4.

Combining the last two displays with (8.13)) and (8.14)) and recalling that ¢ is mea-
suring preserving,

lp(AN @ " B) —p(A)p(B)| < 3¢/2

for large enough n. Starting with small enough ¢ > 0, we get v(A N ¢~ " B) >
0. O
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