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A SECOND-ORDER GODUNOV METHOD FOR
COMPUTING WAVE AND FRACTURE PROBLEMS IN
HYDRO-ELASTO-PLASTIC BODIES *Y

Tang Hansong?
(Beijing University of Aeronautics and Astronautics, Beijing)

Abstract

A finite difference method is proposed for modeling wave motion and frac-
ture phenomenon in hydro-elasto-plastic bodies. The method is a Godunov
type approach, and it has second-order accuracy and captures shocks and
fracture zones with high resolution. In the class of given wave systems the
Riemann problems involved in the method have unique solutions, and the
solutions can be obtained with efficient procedures. Numerical results are
satisfactory in computations of Riemann problems and spallation in a steel
plate.

1. Introduction

The study of higher-order accuracy and high resolution schemes for elastic and
plastic wave problems is becoming a more important topic. Complex factors such
as material behaviors make the investigation to be difficult. Recently, progress
has been made by employing Godunov methods, c.f., [1,2,3]. In this paper, a
new Godunov method will be proposed for modeling wave motion and fracture
phenomenon in elasto-plastic media.

A hydro-elasto-plastic body is an elasto-plastic model with characters of solid
and fluid phases[4]. The model describes transition between the two phases nat-
urally as well as continuously, and it is often used in engineering problems such
as explosion and high-velocity impact. Based on the standard MUSCL scheme
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due to van Leer [5], a second-order scheme for gas-water-cavity systems has been
developed!®], and it was applied to clarify certain puzzles in an experiment(”). In
the paper, solid phases are treated as a hydro-elasto-plastic body and the frame
of the scheme in [6] will be employed.

The method proposed in this paper is second-order accurate, and it has high
resolution for elastic and plastic shocks and describes onset and development of
fractures in a simple way. The Riemann problems involved in the method have
unique solutions and the solutions can be obtained with efficient procedures.

2. Governing Equation and Fracture Model

In Lagrangian coordinates, equations of motion for elasto-plastic media in
plane strain may be written as the following system of conservation laws:

oU OF(U) _
W + or = 0, (2.1a)
where
U=V,u)T, FU)=(-yP)T, (2.1b)

t is the time, 7 is the mass coordinates, V = pr¢./p, P = p/pres., and pres., p, u
and p are a reference density, the density, the velocity, and the stress, respectively.

The constitutive equation for a hydro-elasto-plastic body may be written as

4
p=w(V)+ §S(VD,TO, V). _ (2.2a)
Here we use the Murnagham equation for the hydrostatic pressure:
m,(Va\P
W)= Z(52) -1 +re (2.20)
and the Huber-Mises criterion for the shear stress:
_/ | 71<Y/2,
#{Vor 72 V) = { Ysign(r)/2, |72 Y/2 (220
in which 7 is determined by the Hooke’s law:
|4
T—7,=—Gln—. (2.2d)
Vo

In constitutive equation (2.2), G and Y are the modulus of rigidity and the yield
stress, respectively, m and [ are positive constants (3 > 1), and subscripts a and o
represent standard atmosphere conditions and initial states, respectively. In case
of simple tension and compression, constitutive equation (2.2) can be rewritten
as
w(V)-2Y/3, p<p,
p=9 w(V)+4r/3, p1<p<ps, (2.3a)
w(V)+2Y/3, p> po,
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where
p1 = w(V,e@re-1)/0)) _ 2y
(2.3b)
p2 = w(V,e2ot¥)/(26)) Y-

Here, subscripts 1 and 2 stand for the tension and the compression yield points,
respectively.

Transient fracture will take place when tension is sufficiently large thus that
the following criterion is satisfied:

p=py(<0), (2.4)

where subscript v indicates transient fracture. Assuming that a fracture zone is a
vacuum and noticing that a solid phase can no longer sustain any tension at the
place where it has cracked, we express (2.3a) as

p = maz(p, ppy), (2.5)

where ¢ = 0,1, meaning the solid does and does not break in history, respectively.
Besides, as a result of fatigue, fracture will also take place if the following is

satisfied/8: 5 .

[ Emmme )y g, (2.6)
0 | s |

where p; is the upper bound for onset of fatigue, J is the time when the fracture

occurs, and A and K are constants. The above constitutive equation and fracture
model have been applied in practice, e.g., [9].

3. Riemann Problem

3.1 Solution of the Riemann problem
Consider the Riemann problem for system (2.1) with the initial condition:

_ H;, r < ro,
Ui=o = { H.  r>r (3.1)

where H = (V,u)T, ry being a constant, and subscripts ! and r representing the
left and the right sides of rg, respectively. In general, the solution to a Riemann
problem for a hyperbolic system of conservation laws consists of centered waves
connected by constant states. But its concrete form depends on the problem
itself (e.g., [10,11,6]). Since constitutive equation (2.2) has yield points, after
resolution of discontinuity (3.1) there may be a double-wave structure, comprised
by an elastic and a plastic wave, at each side of rg. The structure is either a
double-shock or a double-rarefaction. When the following holds true:

Pv Pv ¢
u — ur < / —dp + —-dp (3.2)
Pt P Pr p
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a vacuum will occur in the resolution. Here, ¢ = \/9p/8p, being the sound speed.
Criterion (3.2) corresponds to the case that p < p,. We will use centered waves,
constant states, and vacuum zones to construct the solution to Riemann problem
(2.1) and (3.1).

Resolution I If inequality (3.2) is not satisfied, the solution to Riemann
problem (2.1) and (3.1) consists of constant states connected by (from the left
to the right) a single- or a double-shock (or -rarefaction), a contact discontinuity,
and a single- or a double-shock (or -rarefaction).

Resolution II If inequality (3.2) is satisfied, the solution to Riemann problem
(2.1) and (3.1) consists of constant states connected by (from the left to the right)
a single- or a double-shock (or -rarefaction), a vacuum, and a single- or double-
shock (or -rarefaction).

First, we consider Resolution I. Let superscript * represent resolved states
besides ry and subscripts s stand for [ or r.

1) P* < P;. Now there is a double-rarefaction at side s. Within a rarefaction,
the Riemann invariant is a constant along characteristics. As a result, for the
elastic and the plastic rarefactions we have, respectively,

P1 e P c
U — Us = :!:/ —dp, u* —u = i/ —dp, (3.3)
ps P n P

which gives rise to

=

P
u* —ug = :i:/ Ed!p. (3.4)
ps P

2) P, < P* < P,. There is only an elastic rarefaction, and (3.4) still holds
true. :
3) P; < P* < P,. There is an elastic shock. From (2.1) the following Rankine-
Hugoniot is derived:
W (V* - Vi) + (u* — us) =0, (3.5a)

LW, (u* — us) — (P* — P;) = 0. (3.5b)

Here W, is the elastic shock speed in Lagrangian coordinates, and + indicates the
direction of propagation of the shock, positive and negative signs corresponding
to the right and the left, respectively. (3.5) yields

P* - P
u* — Ug = :*:_—I/I—,e_s, (360:)
P* hane Ps
=4[ —. 3.6b
We V, _ V* ( )

4) P, < P* < P3. Subscript 3 means the point where (P — P,)/(V3 — V) =
(P — P;)/(Va — V;). Now, a double-shock appears. From the R-H conditions for
the elastic and the plastic shocks we have
P, - P + P* - P

W A ). (3.7a)

U*-U_g::t(
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PP
Wy, = \/VQ—V*. (3.7b)

Here W, is the plastic shock speed in Lagrangian coordinates.
5) P* > P;. Again, a steady shock, an elasto-plastic wave, will occur. By a
discussion similar to 3), we have

pP* - P

u* —u; ==+ Wy (3.8a)
P* - Ps
Wep —_ -‘73—_-"‘7';', (3-8b)

where W, is the elasto-plastic shock speed in Lagrangian coordinates.
In view of above discussions, we conclude that in case of no vacuum state

u' —ug = £f(Vs, Py, P*), (3.9a)
where
( :: ;c)'dp7 P* S PSa
i} P, < P* < By,
V,, Py, P*) = e . _ 3.96
f(Ve, P, PY) =S Py P ,PP-P L, pcp (3.90)
W, W,
P* - Ps
P* > Ps.
{ Wep ] > 3

Iteration is necessary for solving (3.9a). Eliminating u* in (3.9a) gives rise to

F(Viy By P*) + £ (Ve Py P7) — (g — 1) = 0, (3.10)
which can be solved by the Newton method:
F(P) \®™
plnt1) _ pn) _ (dF___l(ll() )/)dP) , (3.11a)
where
F(P) = f(Vi, B, P) + f(V7, B, P) — (w1 — uy), (3.11b)
PO —p. (3-11¢)

In solving (3.10), V can also be determined by applying a Newton method to
(2.3). Incorporating P*, the limite of P(™, into (3.9a) and (2.3) gives u* and V*,
respectively.

Second, we consider Resolution II. When there is a vacuum state, all above
discussions hold true, but now

P*=0. (3.12)
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Consequently,
u* = £ f(Vy, Ps,0) + us. (3.13)

V* is still determined by (2.3).

3.2 Existence, uniqueness, and convergence

Lemma. f(V;, Ps, P) is continuous, and its first and second derivatives are
positive and negative, respectively.

Proof. Obviously, f(Vs, Ps, P) is continuous within (—oo, Ps}, (Ps, P2], (P2, Ps),
and (Ps3,+o00) and

Jdm f(V,PuP)= lim f(V, Py P) =0, (3.140)
P_l’lnzl_ f(VsaPSrP) _l)ig;.i.()‘f(%’Ps’P) :f(VhPs,P2)' (314b)
Jm [V PuP)= lm (Vo PyP)= [(Ve Pu Py (3140)

(3.9b) yields

4

%, PSP.?r

1 e
=(= P,<P<LP
df(Vs,Ps’P)_ %(I/I]./e+ 2), > < = (315)
dpP Sl + =) Py < P < P,

1

\ —2'( + 02) P>P3s

where C = \/—0P/0V, being the Lagranglan sound speed. Also, (3.9b) gives rise

to

&f(V,,Ps,P) _

dPZ
2}66'-;12’1(}6 VP " P < Py,
_205( p ot Vf’CJ’le2+3pre V21) i aow P, < P< P,
) C4 (2W32(V 2%) p(rﬂe:cz)vﬁw 3pref_02eV2)’ P <P h,
é4(2(vv[2(vc z,) + (ﬁ+V1)W"), P, < P< P,
2 2
\ (1:4(2(;; s (Vs = e 2/) + £ +11/)W6p)’ P> P,

(3.16)
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From (3.15) and (3.16) it is readily seen that the Lemma holds true.

Theorem. (1) The solution, as constructed in Resolutions I and II, to Rie-
mann problem (2.1) and (3.1) exists uniquely. (2) In case of Resolution I, Newton
method (3.11) converges to the solution.

Proof. (1). First, consider Resolution I. Let

B(P)= fW, R, P) + f(V;, P, P). (3.17)
Since (3.2) does not hold, we have
v ¢ Pv ¢
w-uw> [ Zdp+ [T 2dp= Fy(Py), (3.18)
Pl P . P
which is
(P, <0. (3.19)

The definition of F;(P) yields
F(+00) = +o00. (3.20)

Also, it is known from the above Lemma that F}(P) is monotonically increasing.
As a result, F1(P) passes zero point once and only once, or, (3.10) has a unique
solution P*. In view of (3.9a) and (2.3), the existence and uniqueness of P*
guarantees that u* and V* exist uniquely.

Second, consider Resolution II. Obviously, (3.12), (3.13), and (2.3) explicitly
determine the existence and uniqueness of P*, u*, and V*, respectively.

(2). Let (Py, M) be an interval and M is sufficiently large such that Fi (M) > 0
and P* € (P,, M). From (3.19), (3.20), and the Lemma, we know that

1) A (Py)F (M) <0,

2) dF(P)/dP # 0,

3) dF2(P)/dP? < 0, ,

4) (Fy(P) - dFlz(P)/dPZ)p=pv > 0.
It can be proved that iteration (3.11) converges to its fixed point (e.g, [12]):

lim P™ = p*, (3.21)

n— oo

The proof is completed.

4. Generalized Riemann Problem

Consider the following initial value problem:

) Qu(r), r <7,
Ut:O_{Q:(r), "> o (4-1)

Here, Q(r) = (V(r),u(r))T, Q(r) being a linear function of r, and
1inlr—-n'o--() Ql('r) - Hla 1in’l‘r‘—n‘o+0 QT(T) = H;. (42)
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We call initial value problem (2.1) and (4.1) the generalized Riemann problem
of Riemann problem (2.1) and (3.1). We assume that the generalized Riemann
problem has a solution with a same wave system as that of Riemann problem (2.1)
and (3.1), and follow the way of van Leer [5] to derive time derivatives (Ju/dt)*
and (OP/0t)*.

First, suppose the generalized Riemann problem has a solution with no vacuum
state. When P* < P, (3.4) holds because of the above assumption. Differentiat-
ing (3.4) yields

D . D
S ) = £ f ;dp (4.3)
With the aid of (2.1), it is derived from (4.3) that
oP., du oP .
(;9‘5 (—5)(5) = iCs(E)s - (E)s, P* < Ps. (4.4)

By a similar way the following is obtained:
w2 3  0u,, 3W, 1 . 0P,

(20,.2 + 5)(5) + (—W = 2—14',—)(5) ws)
3W. C? . 0u. W2 3°0P :

= i( 2 +2We (_’I‘)s (202"" )( 7‘)3, PS<P*SP2-
W2 3 au 3W,, 1 ..8P,

., 03 du W2 3. 9P .
- ( 2 2W (a )S (202 )(ar)S, P2<P SP3'

w2, 3 8u W, 1 0P,
(g5 + 5" (562 ~ 7w,

_  3W.,, C? du WE 3 8P .

= HGE o))~ Gor + )50 P> B

Two equations among (4.4)—(4.7), one for a right-moving wave and the other
for a left-moving wave, make up a linear system for the time derivatives:

(7).

an  —ap2 Bt _[ b

(@) e
ot

Here, apmk and by, (m, k = 1,2) are given by (4.4)-(4.7), and it is readily seen that

ami > 0. Consequently,

DET(agm) = a11022 + aj2a21 > 0. (4.9)

Then, we have the following conclusion.
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Assertion Linear system (4.8) has a unique solution.

Second, suppose the generalized Riemann problem has a solution with a vac-
uum. Since there is no pressure on a solid surface adjacent to vacuum,

(22)' <o (10

The velocity derivative of the surface can be obtained by incorporating (4.10) into
(4.8):
ou, b du bo
—_— = — d —\* = _—,
( ot ) ail an ( ot ) asi
which correspond to the case that the surface is right or left to the vacuum,
respectively.

(4.11)

5. Difference Scheme

Let [t", t"*1] X [r;, ri+1] be a grid cell. Integrating (2.1) over the cell, using the
Green law, and omitting the third-order terms give rise to a second-order formula:
7+l N

Vivie = Vigage + M p((u)fiyny- — (W) (5.1a)
_?:1/2 Tip1/2 — A2 ((PYG4y— — (P)y)- (5.1b)

M12 = A"/ By, and A =l ygn A,H/gr = ri41 — Ti, being the time
step and the grld spacing, respectlvely The grid spacing may not be uniform.
RHS of (5.1c) is determined by solutions of a local Riemann problem and a local
generalized Riemann problem as described in sections 3 and 4, respectively. The
initial value for the two problems is

FAV PR Thy
-7 +
Uir1e T —z—;"/z—(’" — Tix1/2), (5.2a)
AZ P |
Pipij+ 1—2/?““(7' = Ti+1/2), (5.2b)
where A? ) ou* = (“>(z+1) — (w1, Al P = (P)Z.:Lll)_ — (P)?7!. Suppose

that during time interval [t",¢"*!], each slab experiences a simple tension or a
simple compression process. As a result, (2.2) yields

( 1 2 =n+1

Prer (w(Vz+1/2) - ‘Y)’ Piyie < Pz+1/2 17
1
+1 n+l =n+1 1 pn+l +1
ﬁ?ﬂ/z =9 Pref (w (Vz+1/2) + 3 ?:1/2)' iTi/2 1S Pigip < Pzn+1/2 2
1 +1 +1
| oy (Vi) + 2Y), Py > Py

(5.3a)
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Vn+1
. i+1/2
Tre = Thaye — Gl ==, (5.3b)
1+1/2
ref. 5.3¢)
1 97 +Y)/(2G 2 (
:ﬁ}n Pref (w(V?+1/2e( Tt ))+3 ).

We assume a fracture can and only can take place at a grid node. Whether
transient fracture happens or not at node ¢ depends on resolved states of local
initial discontinuity (5.2). The following criterion determines if fracture of fatigue
occurs or not there:

Py — mi"((ﬁ?—uz + —13?+1/2)/2,Pf)

T A" = K. (5.4)
" | Py |
The location of fracture is tracked by
! =zl + (W At (5.5)

Formulas (5.1)—(5.5) are the difference scheme for hydro-elasto-plastic bod-
ies. The scheme keeps the features of van Leer’s MUSCL scheme [5] designed
for continuous gases, that is, it has second-order accuracy and high resolution.
But, it is also able to describe onset and development of fracture. In (5.2), let
Ay /2'“'* = A?—H /2P"‘ = 0, the scheme becomes the first-order accurate. To pre-
vent numerical oscillations, the monotonicity preserving algorithm (101) in [5] is
necessary. Furthermore, to reduce numerical error due to appearance of vacuum
states, the following algorithm of lower bound of density is adopted (61,

7
. . . Vi \ Divajer
Ol g™ =min | ALy pu*, Vi [1- 2y z:_/l : (5.6)
Ve An-lt

Also, some restrictions on the time step are needed. Waves within a slab should
not intersect with each other:

At < CFLA.H_I/Q'I"
= 2maz (| WE 1| Wiy |

where W is the speed of a shock or that of the front of a rarefaction, CFL < 1.
Zone tanghng should be avoided (A7, ; /2u* < 0):

(5.7)

. —_h
ATt < __(1+1)-_’+_
a A?+1/2“*
When there is a fracture between two slabs, the two slabs should not overlap with
each other ((u)? > (u)):

(5.8)

Ant < ?’l" _ ﬂ:?_

W = 69
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In problems with oscillating stress, A"t is also restricted by frequency of the
oscillation.

6. Numerical Examples

6.1 Riemann problems
We compute the following two Riemann problems in steel media:

; le= 7802.32kg/m3,u = 50m/s, p = 10® Pa, z <0, (6.1)
p = 7846.85kg/m3,u = —50m/s, p=2 x 10°Pa, z >0, '

gl P 8046.83kg/m3,u = —1000m/s, p =8 x 10°Pa, =z <0, (6.2)
p = 7881.14kg/m3,u = 1000m/s, p=3 x 10°Pa, z > 0. :

With reference to {9] and [13], we use the following properties for the steel:

pe = T800kg/m3, m = 2.225 x 1011 Pa, 3 = 3.7,
G = 0.853 x 10! Pa, Y = 0.00979 x 10'!Pa, p, = —0.2 x 1011 Pa, (6.3)
ps = —0.019292 x 10! Pa, A =1.33, K =3.35 x 10 6s.

Denslty
7.82E+03  7.85E+C3  7.68E+03
=y Ky

Shear stress
2.50E 408

gl

X

Fig. 1. Riemann problem I. Slab number=200, time step=150, CFL=1.
Solid lines — exact solutions, circles — numerical solutions.

Problem I is a collision between two steel plates. As a consequence of the collision,
an elastic and a plastic shock move to the left, and an elastic shock propagates to
the right. Problem II corresponds a transient fracture in a plate. The fracture re-
sults in a left-moving elastic and a left-moving plastic rarefaction, a right-moving
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elastic rarefaction, and a vacuum lying between the left- and right-moving rar-
efactions. The numerical results are given in Figs. 1 and 2. Comparing the
numerical solutions with the corresponding exact solutions, we see that the pro-
posed scheme clearly resolves the elastic and plastic waves and the fracture. The
scheme presents no obvious oscillations near shocks and its resolution for them is
similar to that of the Godunov scheme in [1].

1.00E+03
T

A —

3
g[ b
z 28
5 it
:
g gw; 5
~ g x
3

1 c d

5.00E+09

%

Shear stress
0.00E+00

—t———
Stress

, g
..{ o S gs ] 5

Fig. 2. Riemann problem II. Slab number=200, time step=160, CFL=1.
Solid lines — exact solutions, circles — numerical solutions.

6.2 Spallation due to explosion

A layer of dynamite 1 m in thickness and a steel plate 1 m in thickness are
placed at the left and the right sides of £ = 0, respectively. After the dynamite is
ignited at its left side, the gaseous product resulting from the explosion flies freely
towards the left and a blast propagates to the right. As the blast reaches the plate,
a shock is generated in the plate, and the computation starts. In the computation,
the density of the dynamite is 1600kg/m3, the ratio of specific heats of the gaseous
product is 1.4, and the blast speed is 7667m/s. The gaseous product is calculated
using the method in [6]. Again, properties of the plate is set as (6.3). Initially,
p = pg, u=0, p=pg in the plate. On the left side of the product and the
right side of the plate, p = 0 and p = p, are respectively imposed as boundary
conditions.

The numerical results are presented in Fig. 3. The computation shows that
our Godunov method clearly resolves the shock (Fig. 3a). Since the strength
of the shock is much stronger than the yield stress, the elastic precursor is not
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observed in the figure, and it is actually a plastic wave. The method also predicts
a phenomenon of spallation due to fatigue (Fig. 3b). The computed process of
spallation is similar to that described in [9]; some time after the shock reflects at
the right side of the plate, a spallation sheet is produced, and spallation zones
propagate from the sheet to the left (Fig. 3c).

200E+10

Stress
1.0CE+10

Stress
2.50E+10
T ™

0.00E+00
WY

3 j .
& L 4 —

i :—‘::M' ~ E:
0.0003 T | I I T T T
T
0.0002 -

!
o

L]

@
£ 0.00015
-

0.0001

5e-05

0 ] 1 1 i L ]
0 1 2 3 4 5
r
Fig. 3. The spallation problem. The left and the right sides of the
plate are located at r = 1,5.875 (p,.s. = 1600kg/m?), respec-
tively. Slab number is 200(product) x 100(steet), and CFL=1.
a) Stress distribution at ¢ = 1.3 x 10~*s. The shock is ap-
proaching the right side of the plate. b) Stress distribution at
t = 1.9 x 10™*s. The shock has reflected at the right side of the
plate. c) Spallation zones. Spallation zones propagate to the
left.

7. Concluding Remarks

We have proposed a second-order Godunov method for wave and fracture
problems in hydro-elasto-plastic bodies. The method is useful in investigating
mechanism of high-velocity impact as well as that of its consequent fracture. Also,
it can be combined with the scheme presented in [6] to formulate a numerical
algorithm for gas-water-solid systems with cavitation and spallation. A further
study about the method could be its extension to multiple spatial dimensions.
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